Finding the disjointness of stabilizer codes is NP-complete
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The disjointness of a stabilizer code is a quantity used to constrain the level of the logical Clifford
hierarchy attainable by transversal gates and constant-depth quantum circuits. We show that for
any positive integer constant c, the problems of calculating the c-disjointness and approximating it
to within a constant multiplicative factor are NP-complete. We provide bounds on the disjointness
for various code families, including the CSS codes, concatenated codes and hypergraph product
codes. We also describe numerical methods of finding the disjointness, which can be readily used
to rule out the existence of any transversal gate implementing some non-Clifford logical operation
in small stabilizer codes. Our results indicate that finding fault-tolerant logical gates for generic
quantum error-correcting codes is a computationally challenging task.

Designing fault-tolerant schemes is an essential step to-
ward scalable universal quantum computation [IH4]. To
protect quantum information from the detrimental effects
of noise one typically encodes it into an quantum error-
correcting code. In addition to reliably storing quantum
information, one also seeks to perform fault-tolerant log-
ical operations on the encoded information.

One of the simplest ways to realize fault-tolerant log-
ical operations is via transversal gates, which act inde-
pendently on individual physical qubits and thus do not
spread errors in an uncontrollable way. Recently, many
works have been devoted to transversal gates implement-
ing non-Clifford logical operations in topological quan-
tum codes [BHIT] and the consequent universal quantum
computation schemes [12HI7]. Transversal gates also
prove useful for magic state distillation [I8H20], as they
form the backbone of many distillation protocols; see
Ref. [21] and the references therein.

Logical operations implemented via transversal gates
are somewhat limited. Namely, the computational uni-
versality of transversal gates is incommensurate with the
capability of the underlying code to correct errors, as ex-
emplified by the Eastin-Knill theorem [22] 23], and its
approximate versions [24H26]. More generally, bounded-
spread logical operators, which propagate errors in a be-
nign way and include constant-depth quantum circuits
and locality-preserving operators, are also computation-
ally limited [27H31].

Although systematic approaches to finding transver-
sal gates for generic quantum error-correcting codes are
not known, for stabilizer codes [32] we can rule out the
possibility of implementing certain logical operations via
transversal gates. Namely, following Ref. [30] we can find
the following upper bound

M < [loga(dr/dy)| +2 (1)

on the M level of the logical Clifford hierarchy [33] at-
tainable by transversal gates if we know the min-distance
d,, max-distance dy and disjointness A of the stabilizer
code. The disjointness, roughly speaking, captures the
maximal number of non-overlapping representatives of

any given non-trivial logical Pauli operator. Until now,
however, the problem of finding the disjointness as well
as its computational hardness have not been explored.

In our work we focus on the problem of finding the dis-
jointness of stabilizer codes, which serves as a proxy to
understanding what are the admissible fault-tolerant log-
ical gates. First, in Sec. [[]f we show that for any positive
integer ¢ it is NP-hard to calculate the c-disjointness,
as well as to approximate it to within a constant mul-
tiplicative factor. Our result thus indicates that find-
ing fault-tolerant logical gates that can be implemented
with generic quantum error-correcting codes is a com-
putationally challenging task. Then, in Sec. [[II] we dis-
cuss numerical methods of finding the disjointness, which
we illustrate with the example of the [14, 3, 3] stabilizer
code [34]. We also provide a strengthening of the bound
in Eq. , which subsequently rules out the existence
of any transversal gate implementing some non-Clifford
logical operation in the aforementioned [14,3,3] stabi-
lizer code. Lastly, in Sec. [[V] we provide bounds on the
disjointness for various code families, including the CSS
codes [35], [36], concatenated codes [37] and hypergraph
product codes [38].

I. PRELIMINARIES

In this section, we briefly discuss basic constructions
of stabilizer codes, as well as the notions of code distance
and disjointness. We also comment on certain graph-
theory problems and their computational complexity.

A. Distance and disjointness

Let L € £ be any non-trivial logical Pauli operator for
the stabilizer code S. Following Ref. [30], we define the

distance d(L) to be the size of the support of the smallest
representative of L, i.e.,

d(L) = min | supp L, (2)
Lel



and introduce the notions of the min-distance and max-
distance as follows

dy = mind(L), dy = maxd(L). (3)
Lel Lel

Note that the min-distance is the same as the standard
stabilizer code distance.

Let A C L be a subset of representatives of L or, more
generally, a multiset that allows for multiple instances
for each of the representatives of L. We say that A is
a c-disjoint collection of representatives of L, where c is
a positive integer, iff for every qubit there are at most
¢ elements of A that are supported on that qubit. We
then define the c-disjointness A, (f) to be the size of the

largest c-disjoint collection for L, divided by ¢, i.e.,

— 1
A(L) = - max{|A| : at most ¢ elements L € A (4)
ACT
are supported on any qubit}. (5)

Subsequently, the disjointness A (S) of the stabilizer code
S is defined as follows

A(S) = supmin A.(L). (6)
c>1 LeLl

Note that the disjointness defined here, which allows rep-
resentatives of L to be picked multiple times, is greater
or equal to the disjointness defined in Ref. [30]. Thus, by
using our definition in Eq. we may obtain a tighter
bound on the level of the logical Clifford hierarchy at-
tainable by transversal gates.

In Sec. [[IT] we will show that supremum over ¢ can be
achieved by a finite ¢, although this fact is not obvious
from the definition of A(S). For convenience, we will de-
fine Ac(S) = ming., Ac(L), and A (L) = sup,>; A (L).

Finally, for any positive integer ¢ we introduce the fol-
lowing decision problem based on the c-disjointness.

c-DISJOINTNESS

Input: A (n — k) x 2n binary matrix speci-
fying an [n, k, d] stabilizer code S, a string of
2n bits representing a logical Pauli operator
L and a positive integer a.

Question: Is the size of the largest c-disjoint
collection of representatives of L greater or
equal to a, i.e., cAc(L) > a?

B. Stabilizer code constructions

Stabilizer codes are an important class of quantum
error-correcting codes. A stabilizer code is defined by
its stabilizer group S, i.e., an Abelian subgroup of the
Pauli group that does not contain —I. In what follows
we identify the stabilizer code with its stabilizer group.
The code space of the stabilizer code S is the simultane-
ous (+1)-eigenspace of all of the stabilizer operators. We

denote by [n, k,d] a stabilizer code that encodes k logi-
cal qubits into n physical qubits and has code distance d.
To specify the [n, k, d] stabilizer code, we can provide a
binary matrix of size (n— k) x 2n, whose rows correspond
to independent stabilizer generators of S. For concrete-
ness, we identify a bit string (b1, ..., ba,) € {0,1}?" with
the following Pauli operator @, Xf” Zf”", where P;
denotes a Pauli P € {X, Z} operator acting on qubit i.

For any stabilizer code, logical Pauli operators, which
are the elements of the the normalizer of the stabilizer
group in the Pauli group, can always be implemented as
tensor products of single-qubit Pauli operators. We write
L to represent a logical Pauli operator itself, as well as
the set of its equivalent representatives. Also, we write £
to denote the set of all non-trivial logical Pauli operators.

CSS codes.—A stabilizer code is a CSS code if there
exists a choice of stabilizer generators such that every
generator is either a Pauli X- or Z-type operator, i.e.,
a tensor product of single-qubit Pauli X or Z opera-
tors. We remark that for CSS codes there always exists a
choice of logical Pauli X and Z operators, such that their
representatives are some Pauli X- and Z-type operators,
respectively.

Concatenated stabilizer codes.—Given two stabi-
lizer codes S and Sp with parameters [nq,k1,d;] and
[n2, 1, ds], respectively, we can concatenate them to ob-
tain a new stabilizer code, which we denote by S1>85. To
construct the concatenated code Sy > Ss, we first encode
the logical information into the stabilizer code &;. Then,
we further encode each and every qubit of stabilizer code
S; into the stabilizer code S, where every qubit of S
is identified with a block of ny qubits of S; > S;. The
concatenated code S8y > Sy is a [nineg, k1, d] code, where
d > dyds.

A set of logical Pauli operators C is called a choice of
logical Pauli operators for S, if P # O for all P,O € C
and |C| = 4 (or more generally |P| = 4% for a code with
k logical qubits). For a ny qubit operator O, we define
O C to be the result of replacing each single qubit Pauli
operator of O with the corresponding choice of logical
Pauli operator from C on the block of ny qubits identi-
fied with the qubit. We say that a collection of choices of
logical Pauli operators for Sy is c-disjoint if the represen-
tatives of the same logical Pauli in each choice forms a
c-disjoint collection for all choices logical Pauli operators
of S5, and the choice of logical Identity is always 1"™2.

One choice for the stabilizer group of & > S is

81 > 82 = <H®(j—1)n1 ® 52 ®]I®(n—j)n1,
SlDC’S1€Sl,SQESQ,1§j§n>, (7)

for a choice of logical Pauli operator of Sy, C. Further-
more every logical Pauli operator of S >8s is equivalent,
up to a stabilizer element, to L > C for some logical Pauli
L of &1 and some choice of logical Pauli operator C for
So.
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FIG. 1. (a) A graph G = (V, E) can be used to define a CSS stabilizer code S&. In (b) and (c), we illustrate the construction
for ¢ = 1 and ¢ = 2, respectively. Qubits (black and red dots) are placed at vertices and on edges of the graph G. We depict

in red the support of the representative X (v) of the logical Pauli operator f? that is associated with the vertex v € V.

Hypergraph product codes.—Given two binary
matrices H; and Hs of size m; X ny and mo X ng, re-
spectively, the corresponding hypergraph product code
is specified by the following binary matrix

<l{1@)an Iml@QE&‘ Omlmgxhnnm+nynﬂ ) (8)
OTL17L2><(TL1WL2+TL2M1) ‘In1 & H’2T7 HlT ® Ing ’

where HT denotes the transpose of H, 0uxp and I, are
the zero matrix and the identity matrix of size a x b and
a X a, respectively. Note that hypergraph product codes
are CSS codes.

C. Computational complexity and graph theory

NP is the complexity class of problems that can be
solved in polynomial time using a non-deterministic Tur-
ing machine, which can perform multiple operations at
the same time in parallel at every time-step, and accepts
if any one of the parallel operations leads to an accepting
state. A problem is NP-hard if every problem in NP can
be reduced to it in polynomial time, and a problem is
NP-complete if it is both NP-hard and in NP.

Let G = (V, E) be a graph with the sets of vertices V'
and edges . We say that a subset of vertices V/ C V
is an independent set for the graph G iff no two vertices
in V' are joined by an edge in E. Moreover, we say
that a collection A = {A|]A C V} comprising subsets
of the vertices of G is an independent collection for G
iff for every pair of different A4, A’ € A, no two vertices
belonging to different subsets are joined by an edge in
E. Note that an independent set is a special case of an
independent collection. We denote the size of a maximum
independent set for G by a(G) and refer to it as the
independence number of G. Then, the following decision
problem is NP-complete [39].

INDEPENDENT SET

Input: A graph G = (V, E) and a positive
integer a.

Question: Is the independence number of G
greater or equal to a, i.e., a(G) > a?

Furthermore, the problem of approximating «(G) up to
a multiplicative factor of |[V|1~¢ is NP-hard [40, 41]. We
use this result in our reduction in the following section.

II. HARDNESS OF FINDING AND
APPROXIMATING THE c-DISJOINTNESS

We start this section by constructing a CSS stabilizer

—G
code 8¢ and logical Pauli operator L, for any finite con-
nected graph G and positive integer ¢. Then, we show

C e -G .
that the c-disjointness A.( L. ) can be related to the in-

dependence number «(G) of the graph G. This, in turn,
allows us prove our main theorem by reducing the the
problem of finding the maximum independent set of G

to the problem of finding the c-disjointness A, (ZCG)

A. Constructing the CSS stabilizer code

Let G = (V, E) be a graph and ¢ be a positive integer
constant. To define a CSS stabilizer code S¢ associated
with the graph G, we first place (Ll‘_/‘l) qubits on every
vertex v € V and on every edge e € F; see Fig. [1| for an
illustrative example. We label each qubit by a pair (v, v)
or (e,v), where v C [|V]] is a subset of ¢c—1 integers from
[V]] = {1,...,]V]}. Additionally, we place one or two
additional qubits at each vertex v depending on whether
(clzll) (degwv + 1) is odd or even respectively, where degv
denotes the degree of v. We label those additional qubits
by a pair (v,i), where ¢ € {1,2}. We denote by P, a
Pauli operator P = X, Z supported on qubit with label
g. We denote by Q(v) and Q(e) all the qubits placed at
the vertex v and on the edge e, i.e., all the qubits with
labels (v, -) and (e, -), respectively. We also denote by @
the set of all the qubits, i.e.,

Q= JewulJ Q. (9)

veV ecE

The stabilizer group S¢ associated with G and c is

56 = <X<u>X<v>, 11 2

q€Q

u,v € V>7 (10)

where X (v) denotes a Pauli X operator associated with



a vertex v € V, which we define as follows

X@:IL&H(II&) (11)

qeQ(v edv N geQ(e)

Note that for any v € V the Pauli X operator X (v) is
supported on the even number of qubits. Thus, X (v)
and [[, .o Z, commute and S¢ is an Abelian subgroup

of the Pauli group satisfying —I ¢ S&. Moreover, for any
u,v € V the Pauli X operators X (u) and X (v) are the
representatives of the same non-trivial logical Pauli oper-

ator, which we denote by ff. The last statement follows
from the fact that X (u) and X (v) commute with the all
stabilizer operators, are not contained in the stabilizer
group S, and their product forms a stabilizer operator
X (u)X (v). For convenience, for any subset of vertices
A CV we define

X(A) =[] X(@). (12)

vEA

Note that if |A| =0 mod 2, then X (A) is a stabilizer op-
erator; otherwise, X (A) is a representative of the logical

. R
Pauli operator L, .

We remark that if the graph G has at least ¢ + 2 ver-
tices, i.e., |V| > ¢ + 2, then the stabilizer code S& as-
sociated with G and c¢ is error-detecting, i.e., its min-
distance satisfies d; > 1. This, in turn, implies that the
disjointness of S¢ is greater than one, i.e., A(Sf) > 1;
see Lemma 2(ii) in Ref. [30]. To establish the claim
that d) > 1, it suffices to check that every single-qubit
Pauli operator anticommutes with some stabilizer oper-
ator from S¢. Since the stabilizer operator [eo Zq
is supported on every qubit, any single-qubit Pauli X
or Y operator anticommutes with it. For any vertex
v € V a Pauli Z operator on qubit (v,i) or (v,v) an-
ticommutes with a stabilizer operator X (u)X (v) for any
vertex u € V' \ {v} or u € V' \ ({v} Uw), respectively.
Lastly, for any edge e € E a Pauli Z operator on qubit
(e,v) anticommutes with a stabilizer operator X (u)X (v)
for any vertex u € V' \ ({v,w} Uv), where v,w € V are
two vertices incident to e. Note that we use |[V| > ¢+ 2
to guarantee that the set V'\ ({v,w} Uv) is non-empty.

B. Relating the c-disjointness to the independence
number

Let S¢ and ZS be a stabilizer code and a logical Pauli
operator, which are associated with the graph G = (V, E)
and the positive integer c. We abuse terminology and
say that a collection A = {A|A C V} comprising subsets
of the vertices of G is a c-disjoint collection for L. iff
{IToea X(v)|A € A} is a c-disjoint collection for ff,
and that a subset A C V of vertices acts on a qubit
if J],c4 X(v) acts on the qubit. We remark that A is
allowed to be a multiset.

Now, we establish two technical lemmas.

4

Lemma 1. Let G = (V, E) be a graph and ¢ be a positive

integer. For any independent set V' C V, the following

collection

A {{v}veV'} if [V'|(c+1)=0 mod 2,
B otherwise,

{{otv eV u{Vv'}
(13)

, L ) ‘ —G
is a c-disjoint collection for the logical operator L, of the
stabilizer code SC.

Proof. We first show that {{v}jv € V'} is a c-disjoint
collection. Every qubit labeled (v,:) will be supported
at most 1 operator (if v € V'), every qubit labeled (v, v)
will have one overlapping operator for every vertex in
V'N({v}Ur), which has size at most ¢ because v is taken
to be size ¢ — 1. Similarly, any qubit labeled ({u,v},v)
will have one overlapping operator for every vertex in
VN ({u,v} Uv). Because V' is independent, it contains
at most 1 of u or v so the size of this set is also at most
c.

It remains to be seen that when |V’| is odd and c¢ is
even (the second case in Eq. (13))), we can add {V’} and
still form a c-disjoint collection. Because |V’ is odd, the
set represents a valid representative of the logical Pauli.
Any qubit that had strictly fewer than ¢ operators from
{{v}|v € V'} acting on it will have at most ¢ operators
from {{v}lv € V'} U{V'} acting on it. Furthermore,
because ¢ must be an even positive integer, ¢ > 2, so
all qubits labeled (v, ) have fewer than ¢ operators from
{{v}v € V'} U {V'} acting on it.

Thus, we restrict our attention to the qubits that have
¢ many operators from {{v}lv € V'} acting on them.
These qubits are exactly those labeled (v,v) where |[V'N
({v}Uv)| = cand ({u,v},v) where |[V'N({u,v}Ur)| =c.
Since V' is an independent set, at most one of u,v can
be in V' for every edge {u,v}.

Consider any qubit ¢ = (v, v) such that V'N({v}Ur) =
({v} Uv), which has size ¢. The operator corresponding
to V" is [],cys X(u), where the action of each X (u) on
q is X,. Because c is even, the action of [] .y, X (u) on
q is Xy = I,. So, at most c operators from {{v}|v €
VYU {V'} act on gq.

Similarly, for any qubit labeled ({u,v},v), such that
(without loss of generality) V' N ({u,v} Uv) = ({v} Uv),
the action of V’/ on the qubit is I since ¢ is even. Thus,
at most ¢ operators from {{v}|v € V'} U{V’} act on the
qubit. Therefore, A defined in Eq. is a c-disjoint
collection. O

Lemma 2. Let ¢ be a positive integer and G = (V, E) be
a connected graph, such that a(G) > c*(c —1)/2. Then,

the c-disjointness A, (ZS) for the logical operator ff of

the stabilizer code S& is given by
—G
A(I7) = (@) +v)/e, (14)

where b= a(G)(c+ 1) mod 2.



Proof. The previous lemma gave a lower bound on the
disjointness in the form of an explicit c-disjoint collection,
so to prove this lemma we need to find an upper bound on
the disjointness. Let A be a maximal c-disjoint collection

of representatives of ff. We will show that there exists
an independent collection of representatives of size | A|—b,
but first we will show that there exists an independent
sub-collection of A with size greater than ¢+ 1. Consider
the following sequence of sub-collections of A, starting

1. Select L; = argmingca, | L]
2. Pick any v; € L;\ U;;ll L;
3. Ajr ={L e A|L\U,_; L; #0 and v; ¢ L}

Because A is a c-disjoint collection, each vertex v; ap-
pears in at most ¢ many L;, and there can be at most ¢
many operators completely contained in U;:Z L;. Thus,
|Ait1] > A; —ic. Because a(G) is taken to be greater
than c2(c—1)/2+3, this implies that every A; will be non-
empty. Finally, the collection {L € A | Vi € [c — 1].v; &
L} will have size at least a(G) —c¢(c — 1) > ¢+ 1, and
will be an independent collection.

Now, let A’ be the maximal independent sub-collection
from A. We know that [ A’| > c+1 because we just found
an independent sub-collection of |A] of that size, so we
can select ¢ — 1 many v; € L; € A’. Because A’ is an
independent collection, each of the L; contains v; and
no other v; that were selected. We note that we have
the freedom to pick 2 more vertices and representatives,
which we will specify later. We will first show that all of
the representatives in A\A’ have a specific set of prop-
erties, namely their support must contain the support of
every representative in A’.

We first show that for every L € A\A, L N
(Uaea A) # 0. Assume for the sake of contradiction
that LN (Uyea A) = 0. Because A’ is the maximal in-
dependent collection, L can not be independent of every
subset of vertices in A’, otherwise we would add L to
A’ to get a bigger independent collection. So there must
exist some edge (u,v) such that u € L and v € |J,c 4 A.
Without loss of generality, assume that v was one not one
of the ¢—1 vertices selected, and that we can choose a L,
that contains v but none of {v; | i € [¢ — 1]}. Then the
qubit (e, {v; | ¢ € [c—1]}) supports ¢+ 1 many operators:
X(L) and X (L;) for all ¢ € [¢]. X (L) is supported on the
qubit because it contains u, and does not contain v, or
any of {v; | i € [c — 1]}, because each v; is in A" and L
has no overlap with A’. Each of the X (L;) is supported
on the qubit because none of them contain u, and each
of them contains exactly 1 of {v; | i € [¢]}. However,
L and all operators of A’ are taken from A, a c-disjoint
collection. We conclude that LN (U, A4) # 0.

Now we show that that (J aca A S L for every
L € AA. Assume for the sake of contradiction
that (Jyca A € L. Then there exists a vertex v €

(Uaea A) \ L. We also know that LN (U 4) # 0,
so we can select a u € LN (UAeA/ A). Without loss
of generality, assume that v and v are not in any of
{L; | i € [¢e — 1]}, and choose L, and L, that contain u
and v respectively, but none of {v; | i € [c—1]}. It may be
the case that L, = L,, but we only need that they can be
chosen to not contain any of the other ¢c—1 vertices. One
of the qubits (u, {v; | i € [c—1]}) or (v,{v; | i € [c—1]})
is guaranteed to support X (L), on top of other ¢ differ-
ent logical operators, either X (L1),..., X(Le—1), X (Ly)
or X(L1),...,X(Le-1),X(Ly), respectively. L contains
an even number of vertices from {v; | i € [¢— 1]}, then it
will be supported on (u, {v; | i € [c—1]}), because it also
contains u. If, on the other hand, L contains an odd num-
ber of vertices from {v; | i € [¢ — 1]}, because it doesn’t
contain v it will be supported on (v,{v; | ¢ € [c — 1]}).
The other ¢ operators X (Lq),...,X(Lc.—1),X(L,) or
X(L1),...,X(Le—1), X (L,) are supported on the qubits
because they contain exactly 1 of w, v, or the v;. Once
again this is in a contradiction with A being a c-disjoint
collection, so we conclude that L D (UAeA’ A).

Let us first show that |A\A'| < 1if ¢ = 0 mod 2.
Otherwise we could pick L, K € A\A’, and the qubit
(v1, {vi}ieje—1]) (note the repetition of v;) will support
¢+ 1 logical operators from X (L), X(K) and X (L;) for
all ¢ € [c — 1], because each of those operators contains
an odd number of representatives from {v; | i € [c — 1]},
as each X(L;) contains only v;, and X (L) and X(K)
contain all ¢ — 1 of them.

If c =1 mod 2, it must be that A = A’. Otherwise
we pick an L € A\ A, and select an additional v. and L,
from A’. Then the qubit (v, {v;}ic[e—1)) would support
¢ + 1 operators from X (L) and X(L;) for all ¢ € [¢],
because L contains every vertex from {v; | i € [c]}, an
odd sized set.

At this point, we know that |A'| > |A|—1if c=0
mod 2, and otherwise |A’| > | A|. It remains to be shown
that if c =0 mod 2 and a(G) = 0 mod 2, there exists
an independent collection of size > |A|. Assume that
there exists one L € A\A’, ¢ =0 mod 2, and o(G) =0
mod 2.

If L # Uyea A, then we show that A" U {L\[JA'} is
an independent collection. Assume for the sake of contra-
diction that it is not an independent collection. Because
G is a connected graph, there exists an edge e € F inci-
dent to vertices u € L\ |JA" and v € | J A’, as these two
collections can not share a vertex. Let v, = v so that
the qubit (e, {vi}ice—1)) supports ¢ + 1 different logical
operators X (L), X (L1),...,X(L.), leading to a contra-
diction. A" U {L\|JA'} is an independent collection of
size |Al.

Otherwise, it must be the case that L = |J,c 4 A
Then [L| = [Upea Al = Daca Al = |A'] mod 2, so
X(L) is a representative of ff if and only if |A'| = 1
mod 2. Thus, if [A’| = 0 mod 2, L can not be a valid

representative of ff, so |A'| = JA|. If |[A| =1 mod 2
|A’|, we know that a(G) = 0 mod 2, so |A’| must be



less than «(G) — 1. Thus |A| < |A'| +1 < a(G), which
implies there exists an independent collection of size at
least |.Al.

Now we have shown that if a(G)(c+ 1) # 1 mod 2,
there exists an independent collection of size |A|, and
otherwise there exists an independent collection of size
|A]—1, where A is a c-disjoint collection offf of maximal
size, i.e. |A| = cAC(ZS).
|A] < a(G)+b, since a(QG) is greater than the size of the
independent collection.

If b = 1 if and only if we are in the second case in
Eq. . Thus Lemma 1 implies that there exists a c-
disjoint collection for L. of size at least a(G) + b, i.e.
|A] > a(G) + b. These two bounds tell us that

4] = a(G) +b. (15)

Thus, we have shown that

Substituting |A| into A, (ZS) = |A|/c yields Eq. (T4).
O

C. Putting things together

Now, we are ready to establish the main result of our
work, which asserts that it is NP-complete to calculate
(or even approximate) the c-disjointness for a fixed pos-
itive integer constant c.

Theorem 1. For any positive integer constant ¢ the de-
cision problem ¢-DISJOINTNESS is NP-complete. Fur-
thermore, for any ¢ > 0 it is NP-hard to approximate
the c-disjointness to within a multiplicative factor of
n(1=9/(c+1) " where n is the number of physical qubits
of the stabilizer code.

Proof. First note that INDEPENDENT SET is NP-
complete, even if we restrict our attention to the con-
nected graphs with the independence number at least
c?(c —1)/2, which we require in our proof. We can show
that ¢-DISJOINTNESS is NP-hard by reducing INDE-
PENDENT SET to it.

Let G = (V,E) be a graph satisfying a(G) > ¢*(c —
1)/2. We construct a new graph G’ = (V' E’) as fol-
lows: for every vertex v € V we introduce two vertices
v1,v2 € V') and for every edge (u,v) € E we introduce
four edges (u1,v1), (u1,v2), (ug,v1), (u2,v2) € E’. One
can show that

a(G') = 2a(G). (16)

Following Sec. we construct the stabilizer code S’

and the logical operator ff . Since a(G') = 0 mod 2,
then from Lemma [2] we obtain

A, (ZG) — o(G) = 20(G) (17)

and, subsequently, a(G) > aiff cA, (ff ) > 2a. We con-
clude that the output of the c-DISJOINTNESS problem

for the instance S, ff and 2a is the output of INDE-
PENDENT SET for G and a, which, in turn, establishes

that ¢-DISJOINTNESS is NP-hard.

Now we turn to approximation algorithms. Given the
graph G = (V, E), the number of physical qubits in the
stabilizer code S¢ is

n< VI +2) + 1BV < Vi, (s)

as |E| < (‘Zl). Depending on the parity of a(G)(c +
1), the size of the largest c-disjoint collection cA, (ff)

for the logical operator ZS is equal to either a(G) or
a(G) + 1. Thus, for any ¢ > 0 approximating the c-

disjointness A, (LC ) to within a multiplicative factor of

n(1=9/(c+1) implies that we can approximate a(G) to
within a multiplicative factor of n(1=¢)/(c+1) < |y|(1=¢),
Because approximating «(G) to a multiplicative factor
of |V|1=9) is known to be NP-hard, approximating the
c-disjointness to a factor of n(1=¢)/(¢+1) is also NP-Hard.

Finally, we show that ¢-DISJOINTNESS is in NP,
which will complete the proof that it is NP-complete.
Let us consider a polynomial time verifier that takes as
its witness a collection of representatives of L, A. The
verifier needs to perform check the following: (i) every
qubit supports at most ¢ operators from A, (ii) every el-
ement of A is a representative of L and (iii) the size of A
is greater than ca. (i) and (iii) can be checked in poly-
nomial time because every c-disjoint collection is smaller
than size cn. Condition (ii) can be stated equivalently as:
PL € S for every P € A, where L is the representative
in the problem instance. In order to check this property,
the verifier takes the binary matrix of size (n — k) x 2n
that describes &, M, and computes its rank. For every
P € A, the verifier appends a row corresponding to a
string of 2n bits representing the operator PL to M and
takes this new matrix’s rank. If the ranks are the same,
then P is a representative of L, and otherwise it is not.
Since finding the rank of a binary matrix can be done
in polynomial time, the witness can be verified in poly-
nomial time, and ¢-DISJOINTNESS is in NP, and thus
NP-complete. O

III. DISJOINTNESS IN PRACTICE

In this section we express the disjointness as a linear
program with exponentially many variables, allowing for
us to find the disjointness in exponential time. We use
the linear program to find the disjointness of the [14, 3, 3]
stabilizer code, and ultimately rule out the possibility
that transversal gates of the [14,3,3] code existin the
third level of the Clifford Hierarchy.



A. A linear program for disjointness

Let S be a stabilizer code, and L be a logical Pauli
of the code. We aim to describe an optimization prob-
lem whose optimal value will be the disjointness of L.
For every representative L of L we can define a variable
1, € Z>o representing selecting L to be in a c-disjoint
collection x; many times. The constraint of being c-
disjoint is equivalent to: for every qubit ¢, the sum of x,
for which L is supported on ¢ is less than c.

This exponentially large integer linear program solves
for the c-disjointness. However, by relaxing the integer
constraints, we will arrive at a linear program whose op-
timal value is equal to the disjointness of L, shown below.

maximize A= Z zr, (19)
LeL
subject to VqgeQ: Z xp <1, (20)

LeL:q€supp L
VLeL:x >0. (21)

Let A* to be the optimal value achieved by Eq. ,
subject to the constraints in Eqs. and .

Theorem 2. The optimal value of the linear program,
Asx, is A(L). Furthermore it is achieved by a rational
solution expressed with poly(27~%) bits.

Proof. Given a linear program of the form max{c'z :
Az = b,z > 0} where A, b and ¢ have rational entries,
if there exists a finite optimal solution, there exists a
rational optimal solution whose bit size is polynomially
bounded in terms of the bit sizes of A, b, and ¢ [42]. Every
constraint in the linear equation defines a hyperplane,
and the intersection of any set of these hyperplanes can
be described by a number of bits polynomial in the size
of A, b, and c. Because there exists an optimal solution,
there must exist an optimal solution that is a vertex of the
convex hull, and can be described by an intersection of
some of these hyperplanes. Thus, there exists an optimal
solution whose bit size is polynomially bounded in the
sizes of A, b, and c.

We can express the constraints in Eq. in this stan-
dard form, where A is a binary matrix of size 2" 7% x n,
and b and c are vectors of all 1. This fact implies that
there exists a choice of x, that satisfies Egs. and
and achieves value A* in Eq. that can be expressed
with poly(2"~*) bits.

For any ¢ € Z~q, consider the optimal c-disjoint col-
lection, which has k7 copies of the representative L. If
we set x1, = kJ /c, by the definition of c-disjointness,

Z xyp = Z ki /e <1. Vq (22)

supp Loq supp L3¢

Furthermore, the value of A in Eq. is A.(() L),
which implies that A* > A, (L) Since this holds for all

A" > sup(Ac(T)) = A(T). (23)

Every x, appears in at least one constraint, so every
feasible solution to Egs. (20) and is bounded by set-
ting xy, = 1 for all L. In other words, there exists a finite
optimal solution to the linear program. Thus, there ex-
ists some an optimal rational solution {z7}} that can be
expressed with poly(27~%) bits.

So, there exists some finite ¢* such that =} c* is an inte-
ger for all L, and thus defines a c*-disjoint collection when
taking each representative L x7] c¢* many times. Thus,

A* = A (L) < A(T). (24)

So we have that A* = A (f), and is achieved by a ratio-
nal solution that can be expressed in poly(2"—F) bits. [

Corollary 1. For every stabilizer code S and logical
Pauli operator L of S, A(L) = A (L) for some finite
c* = 9poly(2™)

Proof. In the proof of Thm. we used the fact that
there exists an optimal rational solution {z} and finite
c* such that every x7c* is an integer and the collection
formed by including every L x} times is c*-disjoint and
has size ¢*A(L). To prove this corollary, we simply need
to bound c*.

Thm. [2f also tells us that every z} can be written in
poly(2"~%) bits, which means that, as a fraction, the
denominator of x7, is bounded by 2Py (2" We will ¢*
to be the least common denominator of the denominators
of 7, when written as a fraction, which clearly implies
x7c* is an integer for all L. Our choice of ¢* is bounded
by the product of the denominators, which is, in turn,
bounded as follows:

c* < 2poly(2"’7k)2""!€ — 2poly(2n7k). (25)

For this choice of ¢*, we know there exists a c*-disjoint
collection of size ¢*A (L), which proves the corollary. O
This result immediately implies the following remark.

Remark. The disjointness can be equivalently expressed
as follows

A(S) = H%Il I?Zaf( Ac(L). (26)

Proof. From Cor. [I| for every L, there exists a ¢t such
that A(f) = A%(f). By the definition of A(f),
Ak%(f) :7A%(f)7for evelzf k> 1. Letcs = Hc*f,
then for all L, A (L) =A (L) Thus,

max mfin A (L) = fim Ag (L) = mzin mex Ac(L).

(27)
Which is exactly Eq. . O
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FIG. 2. The [14,3, 3] stabilizer code is defined by placing
qubits (white dots) on the vertices of a rhombic dodecahe-
dron and introducing X-, Y- and Z-type stabilizer generators
for every red, green and blue face, respectively. We depict
“the azimuthal projection”, where the four corner qubits are
identified. Dots colored in red, green and blue correspond to
single-qubit Pauli X, Y and Z operators, respectively.

The linear program in Egs. , and , with
27~k variables and n constraints, can be solved in time
O(22°("=k)) " and solving for A(S) requires solving this
linear program for all 22 — 1 logical Pauli operators.
Thus, A(S) can be found in time O(2257~0-5%) for a sta-
bilizer code S with n physical qubits and & logical qubits.
An implementation of this algorithm can be found on
github [43], and apply it to an interesting stabilizer code
in Sec.

B. An illustrative example

Now, we focus on an illustrative example of the re-
cently introduced [14, 3, 3] stabilizer code [34]; see Fig. [2]
We would like to understand whether any non-Clifford
logical operators for this code can be implemented via
transversal gates. If that was the case, then due to its
small size this code could prove useful in, for instance,
magic state distillation protocols. Since the [14, 3, 3] sta-
bilizer code is a non-CSS code, there are no off-the-shelf
techniques to find transversal gates; however, we use the
disjointness to rule out the possibility of certain logical
operations.

A Dbrute force approach to computing the c-
disjointness, even for ¢ = 1 and small stabilizer codes,
is computationally infeasible. In the case of the [14, 3, 3]
stabilizer code, there are 43 — 1 = 63 different non-trivial
logical Pauli operators, and each of them has 2!! = 2048
representatives. Thus, for each logical Pauli operator
there are 2294 ~ 2 x 10%!® possible subsets of its rep-
resentatives, and we would need to check each and every
subset for the qubit overlap condition (assuming that the
1-disjointness can be achieved with a set rather than a
multiset).

We can, however, use the linear program specified in
Egs. —, which has 2048 variables and 14 con-
straints (positivity constraints are not normally counted).
We numerically find that the disjointness of the [14, 3, 3]
stabilizer code is 2; see the source code [43]. We also find

that the max-distance of the [14, 3, 3] stabilizer code is
dy = 6. Thus, using the bound from Eq. we con-
clude that any transversal gate can only implement logi-
cal operations within the third level of the logical Clifford
hierarchy.

We now obtain an improvement of the bound in
Eq. , which we subsequently use to rule out the pos-
sibility of any transversal gate that implements a non-
Clifford logical operation for the [14, 3, 3] stabilizer code.
Recall that the main proof idea in Ref. [30] is to evaluate
the (nested) group commutator of the transversal gate
and M logical Pauli operators for the stabilizer code S. If
for every M-tuple of logical Pauli operators the resulting
operator is a trivial logical operator, then the transversal
gate is guaranteed to implement an operator from the
Mt level of the logical Clifford hierarchy. To recast this
condition, it is useful to introduce the following quantity

Qu(S) = ﬂ supp L;

i€[M]

;o (28)

~max min
{Li}Yicim) Li€L:

where for each M-tuple of logical Pauli operators
{fi}ie[ ) we seek an M-tuple of corresponding represen-
tatives L; € L;, whose intersection ﬂie[M] supp L; is the
smallest. Then, we can formulate the following strength-
ening of Theorem 5 from Ref. [30].

Theorem 3. Consider a stabilizer code & with min-
distance d;. If M is a positive integer satisfying

QM(S) <d¢, (29)

then any transversal gate implements an operator from
the M*™ level of the logical Clifford hierarchy.

We will verify that Q(S) < 3 for the [14, 3, 3] stabi-
lizer code. Consider any pair of logical Pauli operators
{L1, L, } for which, without loss of generality, A (fl) > 2.
Because the max distance of S is 6, we can find a rep-
resentative of Ly of weight 6, and by the Lemma 4 from
Ref. [30] (scrubbing lemma), there exists a representative
of L such the overlap in support is at most size 2.

Thus, we restrict our attention to pairs of logical Pauli
operators for which both operators achieve A(fi) = 2.
There are exactly 4 of these operators, depicted in Fig. [3]
By brute force, using the functions available in [43], we
verify that for all 6 pairs of these 4 operators, there exists
a choice of representatives that overlap on strictly less
than 2 qubits. We conclude that all of the transversal
gates of the [14,3,3] stabilizer code lie in the second
level of the Clifford hierarchy.

IV. BOUNDS ON THE DISJOINTNESS
A. CSS codes

In this section we show that for CSS codes, the dis-
jointness can be approximated without mixing operators
with different typed Pauli operators.
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FIG. 3. For the [14, 3, 3] stabilizer code there are four logical
Pauli operators with disjointness 2. We depict their smallest-
weight representatives, where dots colored in red, green and
blue correspond to single-qubit Pauli X, Y and Z operators,
respectively.

Lemma 3. Given a CSS code S and logical Pauli P €
{X,Z}, for all ¢ there exists a c-disjoint collection for the
logical operator P of mazimal size for which each repre-
sentative is implemented using only single qubit P type
Pauli operators.

Proof. Recall that for P, there exists a representative of
P that is implemented using only single qubit P-type
operators. We can also choose stabilizer generators of S
such that some generators are implemented using only
single qubit X-type operators and other generators are
implemented using only single qubit Z-type operators.

Consider a c-disjoint collection for P of maximal size,
A. Every representative L € A is equal to LSx.Sz for
some stabilizer generators Sx, Sz € S, where Sx is the
product of X type stabilizer generators, and Sz is the
product of Z type stabilizer generators.

Take P = X, then we can replace all instances of
PSx Sz with PSx in A. The support of this new oper-
ator is contained in the support of the original, and thus
this new collection is also a c-disjoint collection with the
same size as A. Performing this for every representative
in A yields a c-disjoint collection such that every rep-
resentative in the collection is implemented using only
single qubit X type operators.

If P = Z, replacing PSx Sz with PSz similarly yields
a c-disjoint collection with the same size as A. Thus,
there exists a maximal c-disjoint collection using only
single qubit logical P type operators. O

One implication of this remark is that in for CSS codes,
when L contains a representative implemented using only
X- or Z-type single qubit operators, the variables x, in

Egs. 7 7 and can be taken to only be over

representatives that are implemented using X- or Z-type
operators respectively.

Theorem 4. Given a CSS code, let L = X Z be a logical
Pauli operator that can be decomposed into non-trivial
logical X- and Z-type operators. Then, the following
inequalities hold

%min (A(X).A(Z)) < A(L) < min (A(X) . A(Z)).
(30)

Proof. Fix some ¢, and let A be a c-disjoint collection of
maximal size for L. Every representative in A can be
expressed as a representative of X times a representative
of Z. Removing the representative of Z for every opera-
tor of A yields a c-disjoint collection of X, and a similar
c-disjoint collection exists for Z when removing the rep-
resentatives of X. Thus, A, (f) < min(A, (Y) LA, (7))
Taking the max over c yields the right hand inequality in
Eqn. 30}

Now fix some ¢ and consider the c-disjoint collections
Ax and Az for X and Z of maximal size, and let N =
min(|Ax|, |Az|). Index each element of the multi-set Ax
so that L% is the i*" operator in Ax and L} is the it
operator in Az. The precise ordering of elements does
not matter, so long as N operators from Ax and Az are
assigned an index from [N]. Then we can construct a 2¢-
disjoint collection of size N by taking {L4 L%, i € [N]}.

For the i*" operator in this new collection, denoted L?,
supp L' C supp L%, |supp LY. Thus, for every qubit ¢

{L':qesupp L'} < [{L% : q € supp Ly }|
+{Ly :qesupp Ly} (31)

In this new collection, each qubit is acted on by at
most 2c¢ representatives, which means that 2cAs. (L) >
N. This result holds for all choices of ¢, so

S min (A(X),A(7)) < A(T). (32)

With the upper bound from Eq. , we have Eq. .
O

This implies that if, in the definition of disjointness,
the min was only taken over X and Z type logical Pauli
operators, the result would be a 2 approximation to the
disjointness. However, doing this still requires exponen-
tial time to the best of our knowledge.

B. Concatenated stabilizer codes

In this section, we prove that the disjointness of con-
catenated codes is at least the product of the disjointness
of it’s constituents. The authors note that [31] stated and
proved this theorem independently and concurrently to
this paper, however we still find it interesting to state
the result here, as our conclusions and use-cases will be
different than theirs.



Theorem 5. For any two stabilizer codes S; and Sy the
following equality holds:

A(Sl > 82) > A(Sl) A(SQ) s (33)

and given M; and M, satisfying Eq. for codes S;
and S,, the transversal gates of S; > Ss lie in the M =
max (M, My)*" level of the Clifford hierarchy.

Proof. For any logical Pauli of S; >S5, P = L > C, and ¢;
and ¢z, we will show that Ac,c, (P) > Ag, (S1) Ac, (S2).
This inequality will immediately imply Eq. .

By the definition of disjointness, there exists a c¢i-
disjoint collection Ay, of representatives of L of size
1A, (f) Similarly, there exists a co-disjoint collec-
tion A¢ of choices of logical Pauli operators of Sy of size
2, (S2). Recall that in every choice in A¢, we have
that the identity is represented by the all identity oper-
ator.

Consider the collection

Aﬁ:{L>C|L€Af,CEAc}. (34)

For every L € Ay, the collection {L>C|C € Ac¢} overlaps
on at most cy times on each qubit in blocks where L
is non-trivial. Furthermore, at most ¢; many of such
collections act on any individual block of qubits. Thus,
Az is a ¢ co-disjoint collection. The size of this collection
is el (L) A, (S2). So

AClCQ (ﬁ) 2 Acl (Z) ACQ (82) Z Acl (81) Acz ('52) 9 (35)

and taking the max over both ¢; and cs yields Eq. .

We use this to bound the level of the Clifford hierarchy
that transversal gates of the concatenated code can lie in.
The min- and max- distances of a concatenated code obey
the following inequalities:

dy (81> 82) > dy(S1)d(S2) (36)
dT(Sl > 82) < dT(Sl)dT(SQ) (37)

Let M = max(My, M), then we have

(81 > S2) < di(S1)dr(S2) (38)
< d(S1)A(S)Mdy(S2)A(S)M (39)

< dy(S1)A(S)Mdy(S2)A(S2)M (40)

( )

< di S > SQ)A(Sl > SQ)M (41

From Ref. [30], this implies that transversal gates of Sy >
Sy lie in the M*" level of the Clifford hierarchy. O

We note that the level of Clifford hierarchy allowed by
disjointness might be worse than the tightest bound, as
we saw in Sec. [[ITB] This means it is still possible that a
concatanted code could have transversal gates in higher
levels of the Clifford hierarchy than any of its constu-
tients if, for example, there are other ways to bound the
level of the Clifford hierarchy that transversal gates of
the constituent codes can lie in, that don’t apply to the
concatenated code.
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C. Hypergraph product codes

We first define the analog of disjointness for binary
matrices, which can be associated with a classical linear
code. In order to do this definition, we will make use of
the Lemma Bl

Given a binary matrix H, we can form a CSS code HX
by taking the stabilizer where each generator is a row of
H, with 1 replaced by X and 0 replaced by I. For this
stabilizer, the distance is clearly 1, because we can find
a single qubit X operator that isn’t in the span of HX.
We also note that A(H) is 1, because there must exist
a Z type logical Pauli such that every representative of
that Z type logical Pauli overlaps on a single qubit [30].

However this does not apply to X type logical Pauli op-
erators of this code, so restricting our attention to these
logical Paulis can yield interesting values of disjointness.
So, given a CSS stabilizer code S, define Lx to be the
set of X type logical Pauli operators, and define a new
quantity AX(S) as follows:

X _ : T
A%(S) = max_min Ac(L) (42)

We take the max over ¢ because it is guaranteed to
be achieved by a finite value due to Thm. This defi-
nition makes reasonable sense because, as we showed in
Lemmal3] a logical X type Pauli has c-disjoint collection
of representatives that can be implemented only using X
type single qubit Pauli operators, so the disjointness of
these logical Pauli’s is unaffected by the lack of Z type
stabilizers.

The main goal of this section is to show that the fol-
lowing relationship holds between the disjointness of the
hypergraph product and it’s constituents.

Theorem 6. Given binary matrices H; and Hs the fol-
lowing relation holds

A(HP(Hy, Hy)) < min(AY (HY), AY (H3")).  (43)

Proof. In order to prove this theorem, it will suffice to
show that for every X type logical Pauli of HiX, there
exists a logical Pauli of HP(H7, Ho) that has a smaller
disjointness. Since the disjointness is the min over rep-
resentatives, the disjointness of the hypergraph product
code can’t be larger than the disjointness of that subset.

Given a logical Pauli Ly of H IX, represented by an n
bit string b; (because L; uses only X type operators),
take any stabilizer element of Hs%, Sy, with n bit repre-
sentation by. Consider the following operator:

L= (by® Iy, I;m, @bo)™. (44)

Here the superscript X represents replacing 1 with a
single qubit X operator on the corresponding qubit, and
0 with I. Because this operator interacts on a separate
space than the Z type stabilizer elements of the hyper-
graph product code, it must commute with all of the sta-
bilizer elements of HP(H;, Hy). Since L; was a logical



Pauli operator of H;X, L is also not a stabilizer element of
the hypergraph product code either. Thus, it is a logical
Pauli operator of HP(Hy, Ha).

By Lem. |3] in order to find an optimal c-disjoint set for
this logical Pauli, we only need to consider multiplying
by X type stabilizer elements, which are all of the form
(b ® Iy,,...) for some n bit representation b for some
stabilizer element S € H{X. Thus, any c-disjoint collec-
tion of representatives of L immediately implies yields
a c-disjoint collection for the logical Pauli that L, so
A, (f) < Ac(fl) for all c.

This implies that A(HP(Hy, Hs)) < AX(H{Y), and
a symmetric strategy works for representatives of H2X ,
which proves the theorem. O]

Unlike other bounds in this section, this is an upper
bound on the disjointness of a quantum code. That
means that it can not be used to bound the level of the
Clifford hierarchy that transversal gates lie in directly,
as the largest value of M possible in Eq. is inversely
proportional to A. However, [31] show that code families
whose disjointness is unbounded as the code size increases
can not have universal fault tolerant gate sets, so we hope
that this result be useful for finding universal fault tol-
erant gate sets for hypergraph product codes. In par-
ticular, taking the hypergraph product of a large binary
matrix with a code with small classical disjointness will
always yield a quantum code with small disjointness. So,
there is hope that with the right pair of classical codes,
one can construct a code with good distance that still
has transversal gates in high levels of the Clifford hier-
archy. This task is made more difficult by the fact that
the distance of hypergraph product codes is (roughly) the
distance of the minimum of the two classical codes used
in the hypergraph product, meaning finding these codes
will require finding families of classical codes with high
distance and low classical disjointness.

V. DISCUSSION

The main result of our work, which is Theorem [I]
established that for any positive integer constant ¢ the
problem of calculating the c-disjointness (or even ap-
proximating it up to within a multiplicative factor) is
NP-complete. Although we have not shown that calcu-
lating the disjointness of stabilizer codes is hard, Theo-
rem |l seems to point in this direction. In general, our
results indicate that finding fault-tolerant logical gates
for generic quantum error-correcting codes is a computa-
tionally challenging task. Other results presented in our
work included: (i) formulating a linear program to calcu-
late the disjointness, (ii) strengthening the main result of
Ref. [30], and (iii) providing bounds on the disjointness
for various stabilizer code families.

We hope that our work initiates and motivates a thor-
ough search of methods of finding fault-tolerant logical
gates. Moreover, we expect that there exist efficient al-
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gorithms to address the problem of calculating the dis-
jointness for certain code families, such as topological
quantum codes. We emphasize that clever usage of the
underlying code symmetries might further simplify this
problem. For example, for codes that are invariant under
some derangement of qubits (permutations with no fixed
points), the number of variables in the linear program-
ming formulation of disjointness can be reduced from 2™
to 2"/n. Also, it would be very interesting to find the
connection between the disjointness and other code quan-
tities, such as the price [44].

Finally, we remark that the problem of calculating
the c-disjointness is reminiscent of the knapsack prob-
lem, one of the well studied NP-complete problems [45].
One might consider extending the disjointness in a sim-
ilar fashion to the multiple knapsack problem [45] [46].
In particular, we can introduce the notion of a regional
disjointness, where different regions of the code have
different disjointness constraints applied to them. As
explained in Appendix [VI, computing the regional 0-
disjointness is #P-complete for general stabilizer codes
and logical Pauli operators. This notion of regional dis-
jointness is reminiscent of certain physical quantum com-
puting systems, where physical location of qubits may
affect the number of gates that can be applied before de-
coherence occurs. While the property does not have an
implication on the transversal gates of a code, we hope
that it, and other generalizations of the disjointness, may
prove to be useful properties of stabilizer codes.
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VI. APPENDIX
A. Regional Disjointness

Here we present a generalization of the disjointness
known as the regional disjointness and provide a brief
proof that the problem is #P-Complete. It is still not
known whether or not this property is more useful then
the disjointness as a tool for studying the transversal
gates of Quantum Error Correcting Codes.

Given a stabilizer S, logical Pauli operator L, and a
subset of qubits R, the regional c-disjointness (for a in-
teger constant ¢ > 0), A, (ﬂ R), is the size of the largest



collection of representatives of L such that the set of op-
erators don’t overlap more than ¢ times on any qubit in
R. This problem might be akin to having certain weak
qubits that might decohere quicker than other qubits,
and trying to find minimum number of operations that
can be performed with those weaknesses.

We emphasize one important distinction between sub-
set disjointness and disjointness. The disjointness is de-
fined to be the size of a collection divided by ¢, where as
the regional disjointness is simply the size of the collec-
tion. This is because for regional disjointness, ¢ = 0 is
non-trivial, as the region R need not contain every qubit.

#P is the class of problems that can be defined as
counting the number of accepting paths of a polynomial
time non-deterministic Turing machine. The problem of
regional disjointness extends the problem of disjointness
that was discussed in this paper, so it is at least NP-hard
to determine if it is greater than some number k, but we
will show that it is in fact #P-complete to calculate the
regional disjointness when ¢ = 0. The complexity of the
problem for arbitrary ¢ is not known.

Theorem 7. The problem of computing the regional 0-
disjointness for general stabilizer codes and any region is
#P-Complete.

Proof. We first show that regional disjointness for ¢ = 0 is
in #P. Construct a verifier that guesses a random repre-
sentative of L by choosing n—k bits and multiplying L by
the corresponding stabilizer generators. The verifier ac-
cepts if none of the representatives of L act non-trivially
on a qubit in R. The number of successful paths for this
polynomial time verifier is exactly the subset disjointness
in this instance. Thus, subset disjointness is in #P.

To show that the problem is #P-Hard, we reduce to
#SAT. Given a boolean formula, the #SAT problem is
to count the number of input assignments that satisfy the
formula. In order to perform the reduction, we will make
gate gadgets, which transform NOT and AND gates into
sections of a stabilizer code and logical Pauli that use a
constant number of qubits.

In the following diagrams, entries above the horizontal
line are stabilizer generators, and the entry below the
horizontal line is the logical Pauli. We use ellipses to
hide parts of the stabilizer, but the operator below the
line can be made to be a logical Pauli of the stabilizer by
replacing the ellipses with a choice of single qubit Pauli
operators on O(n) qubits. Qubits of the stabilizer code
that are highlighted red are in the subset R.

Consider the following stabilizer generators and logical
Pauli, meant to represent a NOT gate.

Input: 2 ..
= Input: Z ... (45)
L: Z ..

In this example, only the first qubit is in R, meaning
that on all other qubits of the code, any number of rep-
resentatives are allowed to act non-trivially on the qubit.
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There are exactly 2 representatives of this logical Pauli
that satisfy the regional disjointness condition: L(Input)
and L(— Input). If Input is chosen as the representative
of L, then the second qubit has the identity applied to
it, and otherwise the second qubit has a single qubit Z
operator applied to it.

Thus, the second qubit in this code has a single qubit
Z operator applied to it if and only if the choice of rep-
resentative of L corresponds to NOT picking the Input.

Now consider the following stabilizer generators and
logical Pauli operator meant to represent an AND gate.

Input 1: I X I TI.
Input 2: I Z I I .
Z'Y Z I .
X X ZzZ I .

X Z Z X . (46)
X 1 11 .
X I 1 X .
Z I I X .
Input 1 AlInput2: Z7 I I I .
L: I 1 7Z 1.

We claim that the only representatives of L that satisfy
the subset disjointness condition on the red qubits are
those that pick the last stabilizer generator if and onlyt
if both input 1 and input 2 are also chosen.

If both the stabilizer generators corresponding to In-
put 1 and Input 2 are chosen, then the subset disjoint-
ness constraint implies that the third stabilizer generator
must be picked too, as any other choice leaves the last 2
qubits with a non-trivial operator applied to them. Thus,
the subset disjointness on the third qubit can only sat-
isfy the subset disjointness constraint if the last stabilizer
generator is picked too.

If either Input 1 or Input 2 is chosen, then we see that
the only way to make the last 2 qubits have trivial op-
erators is to select one of the fourth or fifth stabilizer
generators, depending on whether Input 1 or 2 is cho-
sen. We note that any stabilizer that has only has 2 of
the third, fourth, and fifth stabilizer generators will vi-
olate the subset disjointness constraint on the last high-
lighted qubit, so no other combination of stabilizer gen-
erators can satisfy the subset disjointness constraint. If
one of the fourth or fifth stabilizer generators is chosen,
the sixth or seventh must also be chosen in order to sat-
isfy subset disjointness on the third qubit and final qubit.
Thus, the only representatives of L that have one of In-
put 1 or 2 chosen are those that also don’t have the final
stabilizer generator.

If neither Inputs 1 or 2 are chosen, the only repre-
sentatives that satisfy subset disjointness are those that
include all of the third, fourth, and fifth stabilizer gener-
ators. These representatives must select the eighth sta-
bilizer generator too, because the single qubit X on the
final qubit and Z on the third qubit can’t be cancelled



any other way. Thus, in this case the final stabilizer gen-
erator can not be chosen as part of the representative of
L.

Thus, the only representatives of L that satisfy subset
disjointness have the final stabilizer generator if and only
if both Input 1 and Input 2 are also in the representative
of the logical Pauli operator.

Given a logic circuit composed of NOT and AND gates,
we add one stabilizer generator for each gate in the cir-
cuit, including input gates. For each NOT gate, append
the qubits in Table 5] with the same operators, where In-
put is replaced with the stabilizer generator correspond-
ing to the input gate in the circuit, and — Input is the
generator corresponding to this NOT gate.

For each AND gate, append the qubits, stabilizer gen-
erators and single qubit operators in Table where
Input 1 and Input 2 are the stabilizer generators corre-
sponding to the input gates to the AND gate, and the
final stabilizer generator is the stabilizer corresponding
to this AND gate. For the output of the circuit, add the
following qubits and single qubit operators.

Circuit Output: Z ...
L: Z ...
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This way, the only representatives of the logical Pauli
that satisfy regional disjointness are those that include
the stabilizer generator corresponding to the circuit out-
put.

Finally, append qubits and single qubit operators to
ensure that the code is a valid stabilizer code and L is
a logical Pauli of the stabilizer. These additional qubits
will be outside of R, and give the degrees of freedom
required to have a non-trivial regional disjointness.

Given this choice of stabilizer and logical Pauli, the
only representatives of the logical Pauli that satisfy the
regional disjointness constraint pick stabilizer generators
that follow the circuit logic, and who select the generator
corresponding to the output of the circuit. The regional
disjointness of this code and logical Pauli is exactly the
number of satisfying assignments to the circuit, and the
stabilizer and logical Pauli were constructed in polyno-
mial time from the circuit, so regional disjointness if #P-
Complete.
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