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Abstract

Gluing theorem for random unitaries [Schuster, Haferkamp, Huang, QIP 2025] have found numerous
applications, including designing low depth random unitaries [Schuster, Haferkamp, Huang, QIP 2025],
random unitaries in QACO [Foxman, Parham, Vasconcelos, Yuen’25] and generically shortening the key
length of pseudorandom unitaries [Ananth, Bostanci, Gulati, Lin EUROCRYPT’25]. We present an
alternate method of combining Haar random unitaries from the gluing lemma from [Schuster, Haferkamp,
Huang, QIP 2025| that is secure against adversaries with inverse query access to the joined unitary. As
a consequence, we show for the first time that strong pseudorandom unitaries can generically have their
length extended, and can be constructed using only O(nl/ ) bits of randomness, for any constant c, if
any family of strong pseudorandom unitaries exists.
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1 Introduction

Random unitaries are fundamental objects that find applications across diverse areas of quantum informa-
tion science, including quantum algorithm benchmarking [KLR+08], quantum machine learning [HCP23],
quantum cryptography [JLS18; GIMZ23; AGKL24; BHHP24], quantum chaos [GQY+24; Liul8] and quan-
tum gravity [CGH+17]. Their utility stems from their ability to model generic quantum processes and serve
as building blocks for various quantum protocols. Random unitaries are inherently complex objects—they
require exponentially sized descriptions in general. To circumvent this complexity, researchers have devel-
oped the concepts of t-designs [AE07] and pseudorandom unitaries (PRUs) [JLS18|, which can efficiently
approximate the statistical properties of truly random unitaries for many applications.

Understanding the resources needed to implement random unitaries, t-designs and pseudorandom uni-
taries has been an important problem. Recently, a remarkable work by Schuster, Haferkamp and Huang [SHH24|
presented a construction of random unitaries in extremely low depth. Specifically, they showed that pseudo-
random unitaries can be constructed in logarithmic depth. The core contribution of their work is the gluing
theorem which informally states the following: suppose we have two random unitaries Uy, Us such that U
acts on registers A, B and unitaries Us acts on registers B, C then U;Us approximately computes a random
unitary on registers A, B and C as long as B is sufficiently large enough. The gluing theorem has been
proven to be quite useful in many applications:

e In the same work, Schuster et al. [SHH24| applied the gluing theorem recursively to construct random
unitaries in logarithmic depth.

e Foxman, Parham, Vasconcelos, Yuen [FPVY25] used the gluing theorem to demonstrate that pseudo-
random unitaries can be approximately implemented in QACO.

e Ananth, Bostanci, Gulati and, Lin [ABGL24] used the gluing theorem to show that any pseudorandom
unitary can be converted into another pseudorandom unitary with the key length to be much smaller
than the output length.

The disadvantage of the above gluing theorem is that the closeness to the joining random unitary does not
hold if additionally oracle access to the inverse of the glued unitary is provided. In many applications, giving
both forward and inverse access is important. As noted in [FPVY25], to determine lightcones, entanglement
entropy and displacement amplitudes, access to the inverse is required. Having a gluing theorem that holds
even with inverse access could have powerful applications; we call such a gluing theorem, a strong gluing
theorem. As an example, [FPVY25] showed that the non-existence of strong gluing theorem (with certain
properties) would imply that PARITY ¢ QACO, settling a major open problem in quantum complexity theory.

1.1 Owur Results

We present for the first time a strong gluing theorem for random unitaries.

Theorem 1 (Strong gluing of random unitaries). Let U, U2, and U be three Haar random unitaries on
n qubits, and A, C be registers of length n — \ qubits, and B be a register of A qubits, for A = Q(loglJrE(n)).
Then no polynomial-query adversary can distinguish between UjgVaWag and a Haar random unitary on
ABC even given inverse access except with probability negl(n).

We note that our strong gluing theorem is incomparable to the gluing lemma of [SHH24]. The strong
gluing theorem uses a different construction, and applies to Haar random unitaries with inverse access, but
does not get the same depth savings that the gluing lemma achieves. This is perhaps to be expected, as in
the stronger query model with inverse access any two-layer construction is impossible. Hence, we end-up
with the following three-layer construction:
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Combining Theorem 1 with the construction of strong PRUs in the quantum Haar random oracle
model [ABGL25], we show how to shrink keys of strong PRUs for free: given a single sample of a PRU,
denoted by U, we can sample O(log'"“(n)) additional bits of randomness to get sample access to two addi-
tional instances of a strong PRU, V', and W. Then we can join those instances to form a new strong PRU
family that acts on (roughly) double the qubits. Recursively applying this strategy to the new, larger PRU,
we can stretch to any arbitrary polynomial output length, giving us the following corollary.

Corollary 2 (Key-stretched strong PRUs). If there exists a family of strong PRUs in the plain model, then
for every constant ¢, there exists a family of strong PRUs acting on n qubits with keys of length O(n'/¢).

Interestingly, our strong gluing theorem implies that the existence of strong PRUs (in plain model) implies
the existence of strong PRUs with linear depth (in plain model). In particular, given any strong PRU family
that has depth O(n?) for some constant d, we can construct a strong PRU family with depth almost linear
(i.e. O(n'*1/¢) for any constant c).

Corollary 3. If there exists a family of strong PRUs in the plain model, then for every constant c, there
exists a family of strong PRUs acting on n qubits with depth O(n*+1/¢).

Beyond these results, we develop a number of mathematical tools and results useful for analyzing Haar
random unitaries and modeling states using the path-recording isometries from [MH24].

2 Technical Overview

Ma-Huang’s Path Recording Framework. Before we recall the isometries described by [MH24], we
first set up some notation. A relation R is defined as a multiset R = {(z1,y1),-.., (¢, y+)} of ordered pairs
(x4,9;) € [N] x [N], for some N € N. For any relation R = {(z1,41), ..., (zt,y:)}, we say that R is D-distinct
if the first coordinates of all elements are distinct, and injective or Z-distinct if the second coordinates are
distinct. For a relation R, we use Dom(R) to denote the set Dom(R) := {z : x € [N],Jy s.t. (z,y) €
R} and Im(R) to denote the set Im(R) := {y : y € [N],3z s.t. (z,y) € R}. For any relation R =
{(x1,%1), .-, (z¢,9¢)}, we use R~! to denote the relation R~ := {(y1,71), ..., (ys, ;) } obtained by swapping
the coordinates of all elements in R. We define the following two operators (which are also partial isometries)
such that for any relations L, R,"

1
VL : [2)alL)s|R)T \/N Tl U R )|y¢1m(LZURl)ly>A|LU{(r,y)}>sR>T7

1
V L)s|R)t L)s|RU {(z, .
RIS e 2 WAsIRU (e

LFor an Z-distinct or D-distinct relation L = {(x1,¥1), ..., (xt,y)}, the corresponding relation state |L) is defined to be

IL) == f D a1 @) Ya1(1)) Tt () Y1 (2

© wE€Sym,

In [MH24], relation states are defined for arbitrary relations, whereas we will not require them in this work.



Using Vi, and Vg, they define the following partial isometry:
V=V, - (I-Vg - Vi) + T -V V) -V}

They then showed that oracle access to a Haar random unitary U and its inverse UT can be simulated by V'
and VT, respectively. In more detail, consider any oracle algorithm A described by a sequence of unitaries
(A1, By,...,As, By) such that A alternatively makes t forward queries and ¢ inverse queries. Namely, the
final state of A with oracle access to (fixed) U, Ut is denoted by

t
AV g = [T (UTBUAL) [0)al0)s,
=1

where A is the adversary’s query register, B is the adversary’s auxiliary register, and each A; and B; acts on
AB. They then consider the final joint state of A and the purification after interacting with V, V':
t
t
A asst = [ (VIBiV A;) [0)al0)8]@)s|2) 7.

=1

[MH24] showed that puaar is O(t?/N'/®)-close in trace distance to pumn, where

t t t T
PHaar = B [\Ag’U nASY |AB] and  pun = Trst (|Avv WA \ABST),
~pn
and p,, denotes the Haar measure over n-qubit unitaries and N = 2".
For intuition, throughout this section we work with a more intuitive form of Path Recording Framework. In
the technical sections, we switch work with the Path Recording Framework from [MH24]. The more intuitive
form we work with is:
Vi =V (1= VRV + VE
and _
VN = Ve (I =V -V]) + V]
We can think of querying V™9 instead of V and V™ instead of V1.2 While these aren’t partial isometries
like the Path Recording Framework, but they capture the essence of Path Recording. For example, if we
look at V™4 operationally, it can be seen as the following action:

e If the input is in range of Vg, invert the Vg, i.e. delete an entry from the database R. We'll call this
the "deletion branch".

e If the input is orthogonal to the range of Vg, apply Vi, i.e. add an entry from the database L. We’ll
call this the "addition branch".

Similarly for V", one can again define a "deletion branch" and an "addition branch". Here, when you query
some input to the addition branch, it creates an almost maximally entangled state, returns one half on the
query register and appends the other half to the database register with the label as the input. The deletion
branch checks if the query register is maximally entangled with something in the database register, and if it
is, return the label associated with the entry in the database and deletes the maximally entangled pair.

2.1 The Strong Gluing Theorem

In our second main result, we show that for three Haar random unitaries, U', U2, and U2, applying them
in a shifted brickwork pattern, overlapping on some register B, yields an ensemble that is indistinguishable
from a larger Haar random unitary to any adversary, with inverse access, making poly(|B|) queries. That is,
let |A],|C| = n and |B| = A, then

E AUEBUBQCUAlB7(UEBUB2CUAlB)T:| ~ E [AOABC’O;BC} .
UL, U2,US~pnga O~ pi2nia
2Notice that we drop the (I — V7, - VLT) after Vl; in V to get VM, (1 -V - VLT) can be seen as the projector that makes V' a
partial isometry, dropping it makes the action more intuitive to understand but for analysing formally, we include this projector
in the analysis.




2.2 Construction and Path-Recording Framework

We start by writing the two oracles the adversary has access to, i.c. UsgU2 ULy and Urd USURS.

A A
Ul U3 U37T UlaT
B B
U? U2t
C C

The associated Path recording circuit looks like the following:

ST/ T ST/ T

A — — A —
Vl,fwd V3,fwd Vl,inv VS,inv
B — — B —
V2,fwd V2,inv
C C

Where ST denotes the concatenation of the databases associated with the three Path-Recording Framework
(i.e. ﬁ = SlT152T253T3>.

Notice that there’s an "addition" and a "deletion" branch associated with each of the V*™d  Notice that
a query to the "addition" branch of any V™ returns a state which is maximally entangled with a new
entry in the corresponding S;. Since we make queries to the V™d’s sequentially (i.e. V1™ then V/2.fwd
then V3Md) Let there is a query to the addition branch on V™4 then the output is maximally entangled
with S;. Then by monogamy of entanglement, this state cannot be maximally entangled with something in
T,. Note that the deletion branch of V2™ checks whether the query register is maximally entagled with
anything in T,. Hence, if the "addition" branch was applied on V1™ then the deletion branch on V2
has small weight. Similarly, if the "addition" branch was applied on V>™d then the deletion branch on
V3fwd has small weight. Formally, we can show that

IV V] = negl(X).
Hence, combining the above intuition, we get that
Ry 2iwdyLd B2yl (I _ V]%Véfr) FVRV2 (I _ V}%V;,T> V}:li,f
+ Vi (1-vavet ) vatvit e v tvi vt
Where each of the term corresponds to a certain action. Intuitively, this can be seen as:
e Term 1: Corresponds to "addition" branch on V™4 followed by V2™ followed by V3:fwd,

e Term 2: Corresponds to "deletion" branch on V™4, followed by "addition" branch on V24 followed
by VS,fwd.

e Term 3: Corresponds to "deletion" branch on V™4, followed by V24 followed by "addition" branch
on V3 fwd

e Term 4: Corresponds to "deletion" branch on V1™ followed by V2™, followed by V3w,

Corresponding to each of these branches, we can define four disjoint subspaces where these operations are
applied. Formally, we define this approximation of Path-Recording in Section 4.1 and these subspaces
in Section 4.3. Most our proofs are first done in these subspaces and then combined to get a combined
result.



2.2.1 Modelling Achievable States

Next we try to model these states achievable by querying the Haar unitaries. Notice that in general, it is
hard to invert a Haar unitary without querying its inverse. Hence, let’s say the adversary wants to invert
the U? on the output of a query to the first oracle; they can invert it by querying the second oracle with
the first two registers overlapping. In this case, the third query register either has significant overlap with
the third register of the state or it has less than significant overlap (for intuition purposes, we use the term
significant loosely, meaning either completely or not at all). This looks like follows:

A — : |
VUt U3 | V[ UST Ubt |
Case 1: B : : : :
I U? : l Ut :
G i : i :
Tt Forward Tt Inverse 7
A — 5 Z Z
1 []1 U3 1 1 U37Jf UlvT 1
B : : : :
Case 2: : U2 : : Ut :
G I ; I ;
C : I I I
TTTTTTT Forward ’ Tt Inverse .
Simplifying, we get that
A
A Ul ULt
B
Case 1: B Case 2: U2 Ut
G
G
G

Notice that in trying to invert U3, either we invert the whole glued unitary or inverts just U3 while adding
two unitaries (U*T and U) on top. We notice two things in above. First, the register A which has only
two gates applied to it (the first, i.e. U and the last, i.e. UYT). Second, the register B has all gates applied
to it. Also notice that intermediate values on register A and register B are not accessible to the adversary.
Finally, lets look at one more step. In particular, let’s say the adversary wants to invert the U"T on the
output of case 2 above; they can invert it by querying the first oracle with the first two registers overlapping.
In this case, the third query register either has significant overlap with Co of the state or it has less than
significant overlap (for intuition purposes, we use the term significant loosely, meaning either completely or
not at all). This looks like follows:



>

Case 2a: U2 Ut U?

G

G

_——_—— -

G

Cs

Case 2b: (C; : :
: : U2

Simplifying, we get
A

Ut U3

Case 2a:

U2

G

G

A

Ut Us

B

U? Ut

Case 2b: C;

U2

G

G

Notice that Case 2a is just equivalent to a single query to the first oracle. Case 2b has multiple unitaries
chained together. Notice the similar two properties as before. First, the register A which has only two gates
applied to it (the first, i.e. U' and the last, i.e. U?). Second, the register B has all gates applied to it. Also
notice that intermediate values on register A and register B are not accessible to the adversary.

Notice that we could start this from a call to the second oracle instead of first, in this case the first unitary
in the chain is U instead of U! on AB. Extending the intuition, we can get chains of unitaries starting at
U' or U>T on AB then multiple instances of alternating U2 and U?*1 all passing through B (and subsequent
unitary not applied to the same C; registers), finally ending in either U3 or U on AB. Pictorially, this
looks as follows:




Ut U3

U2 g

UQ’Jr U2

Cnfl

Ca

Similarly, the above could have started with U>T and ended with Ut. Thinking of the above as a "chain"
of unitaries. Then we want to imagine any adversary’s circuit as some "chains" strung together. We give an
example below:

Chainl Chain4

Chain3
Chain?2 Chainb ——
Chainb

We want to formalise the intuition above, any adversary querying the oracles can be broken as multiple
chains. To formalise the above intuition, we use path recording as below.

2.2.2 Using Path Recording and Formalising "Achievable States"

We start by considering a single chain (which starts with U! and ends with U3, the other three cases
can be analysed similarly). To start formalising, we start by switching Haar unitaries (U, U"T), (U2, U>1),
(U3, U31) to the simplified Path Recording Isometries (V1.fwd yLinvy (172fwd 1/2inv) apg (13.fwd 173,inv) T et
these isometries work on purification register ST = (S1T1,52T2,S35T3). Then switching to Path Recording,
a single chain looks as follows:
ST e
T T

A —— e I

V&fwd V@fwd

B

/2 fuwd V2inv

G

VQHW v@jwd
C




We first start by noticing that for the above path recording isometries, again because of monogamy of
entanglement, most of their weight lies on the "addition branch" and hence only they need to be considered.
Intuitively, this is because the output of the unitaries do not "line up", one should not be able to invert
them. Then the above chain looks as follows:

T X X

Vi Vi
V2 Vi
Cl .
G
: :
Cn—l
Ca

We label the values on each wire to understand how the database register changes, as follows:

A o z Yo
Vi Vi
B w1 71 ) 73 Tn Tn41 wo
2
V7 Vi
T1 L Y1
C 5
VR V2
€2 Y2 L
G
— I
Tn—1 Yn—1
Cn -1
Cn Tn Yn

Recalling the properties from before, we have the all isometries are applied to B, only the first and last
isometry are applied to A and the labels in red are not visible to the adversary. Then on the above labels,
the database register looks as follows:

[{(zollwi, z[[r1) Ds, [{}),

& {(rillz1, m2lly1), - - s (rallzn, Ttallyn) Hs,

® {(rallz2, rslly2), - - s (rn—1llzn—1, 7nllyn—1) )12
@ [{(2l1rn+1, ollw2) Hss {1

A better way to think about this database is modeling it as a graph. To do this, we do the following:

e Defining Vertices: For each touple in the database, we add a vertex in the graph labelled by the
touple.

e Adding Edges from L; to Ls: For any vertices v; coming from Li, say the label of this vertex is
(2]|w, z||r), and any vertex vy coming from Lo, say the label of this vertex is (+’||2,7||y"). We add an
edge from v; to vy if the vertices are "corelated", i.e. r =1,

10



e Adding Edges from L, to R,: For any vertices v; coming from Lo, say the label of this vertex is
(r||z, 7||ly), and any vertex vy coming from Ra, say the label of this vertex is (+/||2/, 7||y). We add an
edge from v; to vy if the vertices are "corelated", i.e. 7 =1,

e Adding Edges from R; to Ls: For any vertices v; coming from Rs, say the label of this vertex is
(r]lz,7|ly), and any vertex ve coming from Lo, say the label of this vertex is (7’||z’,7'||y"). We add an
edge from v; to vy if the vertices are "corelated", i.e. 7 =1'.

e Adding Edges from L, to L3: For any vertices v; coming from Lo, say the label of this vertex is
(r||z, 7|ly), and any vertex ve coming from L, say the label of this vertex is (z||,¢/||w). We add an
edge from vy to vy if the vertices are "corelated", i.e. 7 =1,

e Adding Edges from R3 to Ry: For any vertices v; coming from Rg, say the label of this vertex is
(x]|w, z||r), and any vertex ve coming from Rs, say the label of this vertex is (+’||2/,7||y"). We add an
edge from vy to vg if the vertices are "corelated", i.e. » =1’. (These edges don’t arise in the chain we
look at in this example, but chains starting from U;r instead of Uy).

e Adding Edges from R; to R;: For any vertices v; coming from Rs, say the label of this vertex is
(r||z, 7||ly), and any vertex vy coming from R;, say the label of this vertex is (z||r/, y/||w). We add an
edge from vy to vy if the vertices are "corelated", i.e. 7 =1/, (These edges don’t arise in the chain we
look at in this example, but chains ending from U{L instead of Us).

Drawing edge structure, we get edges of the following form:

Ly ‘@ Ls
Q end
Bs (22 Rl

Looking back at the example we had, recall that the database register looks like:

[{(@ollw1, 2[lr1) s, {11,

® {(rillz1, r2llya), - s (rallzn, rllyn) Ps,

® {(rallza, r3lly2), - - s (rn—1llzn—1, 7nllyn—1) T2
@ {(21rnt1s ollwa) Pss {1 Ts

In particular, if we imagine all 7;’s as distinct, we can see that the resulting line graph looks like:

((mnm, m|y2)) <7|z ol ) (znrm, ?/()|1112))

7

771 ‘lrza Tn41 ||U77

(zollw1, z||r1)

(r1]|21, 72|ly1)

Then for notational ease, the above database/line graph can be denoted by prr (7, vy, wi,ws, 7, z) where
= (x0,--y2n), ¥ = (Yo,---,yn) and 7" = (rg,...,r,). We add the "LL" for chains graphs starting at L;
and ending at Ls. We can similarly define "LR", "RL" and "RR" chains. Formally, we get:

|pLL(j/:a "l_’, wi, w2, F7 Z)> :|{(:L'UHU71 ; ’Z| ‘7'1 )}>51 |{}>T1

11



® |{(7'1 ||4’71 ) 7’2”1111)7 cees (rnHJ‘m Tn+1 Hyn)}>52
® |{(T‘2||l‘27 7',‘;”!/2)7 L) (']'rl,le‘/L'n,fla Tn”!/nfl)}>T2
® [{(2l17n+1, ol lw2) s {3

If we imagine any adversary’s circuit as some "chains" strung together (recall the example from before),
then corresponding to each chain, we get a disjoint line graph, and the database register corresponds to the
union of databases corresponding to these disjoint line graphs.

By query-by-query analysis, we can show that for any poly-query adversary, the database register has almost
all of its weight on databases corresponding to the union of databases corresponding to the disjoint line
graphs. This, in spirit, shows that for any poly-query adversary, the query structure can be broken into
these disjoint chains.

In fact, we can show something even stronger. Recall that we noticed that the adversary could not see the
red labels corresponding to the line graphs. To formalise this, we can say that once you fix all the blue
labels, the adversary’s register is independent of the red labels. Hence, we can parametrize the adversary’s
state with only the blue labels. To see what this means formally and how we show this by query-by-query
analysis, we refer the reader to Section 5.

2.2.3 Simulating the Larger Haar Unitary

Now that we know that the adversary’s query structure can be broken into disjoint chains. To seen how to
simulate the larger Haar unitary, we will first see what a single disjoint chain looks like and then see what a
corresponding database register looks like. To start, we again consider a chain as example:

A e
Ut U3
U? Ut
G =
G
Ca

We know that in the Ideal experiment, we replace UsgUscUig and U;\gU;gUig with Oagc and O;&BC,
respectively. To do this, we insert dummy unitaries in the abvoe chain. Particularly, we insert a U3U3T
between U? and U?T and we insert a UMTU! between U?T and U?. Then the above chain looks like:

- T T VI, W TN e
Ul : U3 US,T : : U‘l,]L Ul : : US,T U3 : U3
s— +— +H H B _ HH H - H B
U2 '\ ____________ 1 UQ’T '\ ____________ 1 I\ ____________ 1
Cl
U2
G
Ca

Notice that doing this, each component of the chain can be seen as queries to UEBUécU/iB and UigUég Uig.
In particular, the chain looks like alternating queries to U iBUécU A5 and Uig Uég Uig . Hence, our example
looks as follows:

12




e m— e, —r — —,—,——m o Em—E—E—,— e, —————— e ——— e e e e —,—,—, e, ——————

A — —r e — — -
| Ut U [u| U3t ubt| (Ut Ut | ud U,
BH H H H H.H MH " H H H
| U? I: Ut ' : :
C; : ’ : '
e ) : ! U? !
Gy ! : . :
e ———————— . E—
Cn : :

________________

In the Ideal experiment, we replace UgBUécUAB and UigUégUzg with Oagc and OI\BO respectively. Hence,
the chain becomes alternating queries to Oagc and O;BC. Hence, our example looks as follows:

P—— — p—

A

_——_——f--

B

O
ol
G

Ne—==

G

) — —

ol

G

Next we want to switch to Path Recording in the Ideal experiment. Let ST be the database register. Hence,
we switch Oagc with V7, and OLBC with Vg (this is because most weight again lies on only "addition branch").
Hence, our example looks like:

> T T T

A

B |43

Vr

G

Vi

G

: C—— E—

Cn

To show that the Ideal experiment is close to the Real experiment, we define a simulator isometry that maps
the database register in the Real case to the database register in the Ideal case. To see what this isometry
looks like, we first add labels to both the experiments. Recalling the blue labels for the Real experiment as
below:
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Zo Yo
A
1 3
1 w2
B V2 e
2
. Vi R
1 Y1
G 5
Vi
Z Y2
C =
o S — — 1
Ln Yn
C, LD

Notice that we skip the red labels in below because we showed that the adversaries state only depended on
the blue labels. Similarly, we add these labels to the Ideal experiement as below:

> T T T

xo Yo
w1 wa
B 1% e
Vr
C]_ 1 1
VL
T Ye
C2 2 2
o — —
Tn Yn
C, e

Notice that in the above we skip the intermediate labels on the AB, this is because by similar analysis we
can show that the adversaries state is independent of these labels. Finally, analysing the database state from
the Ideal experiment above and the real experiment from before we can define the simulator isometry (we
call this isometry Ocomp). To see how this is formally defined, we refer the reader to Section 6.2.

2.2.4 Bounding “Progress Measure”

The main challenge in demonstrating that Ocomp approximately maps the state in the real case close to the
one in the ideal case is the difficulty of obtaining a simple closed-form expression, as was possible in the
inverseless setting (see [MH24]|, Appendix C). Instead, we draw inspiration from the query-by-query analysis
approach in the literature of the quantum random oracle model [Zhal9; DFMS22|. Specifically, we do query-
by-query analysis via defining the progress measure as the adversary’s distinguishing advantage after each
query.

A key step in our analysis is to show that, for any state |1)) (generated using the real oracles), the process of
first simulating the ideal database and then making a query to a ideal oracle (e.g., V™) is close to making
a query to a corresponding real oracle (e.g., V3MWdy2fwdyLfwd) firgt and then simulating the database.
Formally, we show that the following two states are close:

VdeOcomp|w> and OcompVS,fde2,fde1,fwd|¢> ,
which we establish by proving that the operator norm bound
||(VdeOcomp - Ocompv?’VQVl)HgtHop = negl(n) ’

where II<; denotes the projector acting on the database register that checks that the database is of poly-size.
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Similarly, we extend this argument to show inverse queries too, i.e.
||(Vinv(9comp o OcompVl,ianZ,ianS,inv)HSt”Op _ negl(n)

To show this, we first show this in each of the subspaces and combine them to get the final result. Details
for this can be found in Section 6.4. By establishing these bounds, we can inductively analyze the adver-
sary’s distinguishing advantage after each query (for details, see Section 6.3). Hence, we show that Ocomp
approximately maps the state in the real case to the one in the ideal case.

3 Preliminaries

We denote the security parameter by \. We assume that the reader is familiar with fundamentals of quantum
computing, otherwise readers can refer to [NC10]. We refer to negl(-) to be a negligible function.

3.1 Notation

Indexing and sets We use the notation [n] to refer to the set {1,...,n}. For a string z € {0,1}"T™, let
Z[1.n] to denote the first n bits of z. For N,¢ € N, we let N*/ = Hf;é (N —1).

Sets and set operators For two binary strings of the same length a, b, we define a® b to be the xor of the
two strings. For a set of binary strings A and a binary string b, we define the set A®b:={a®b|a € A}
For two sets of same length binary strings A and B, we define the set A® B:={a®b|a € A,be< B}.

Set products and the symmetric group We use Sym, to refer to the symmetric group over ¢ elements
(i.e. the group of all permutations of ¢ elements). Given a set A and ¢ € N, we use the notation A? to denote
the t-fold Cartesian product of A, and the notation A, to denote distinct subspace of Af, i.e. the vectors
in A", ¥ = (y1,...,y:), such that for all i # j, y; # y;. We also define the set {Z} := Uie[t]{xi}.

Quantum states and distances A register R is a named finite-dimensional Hilbert space. If A and
B are registers, then AB denotes the tensor product of the two associated Hilbert spaces. We denote by
D(R) the density matrices over register R. For pag € D(AB), we let Trg(pag) € D(A) denote the reduced

density matrix that results from taking the partial trace over B. We denote by TD(p,p’) = ||p — p'[|; the

trace distance between p and p’, where || X||; = Tr(\/ XTX) is the trace norm. For two pure (and possibly

subnormalized) states 1)) and |¢), we use TD(|1)), |¢)) as a shorthand for TD(| )|, |pX@|). We also say
that A < B if B — A is a positive semi-definite matrix. For positive integers ¢,d € N and a permutation
o € Sym,, we let Py(o) be the d’-dimensional unitary that acts on registers Ry,...,R; by permuting the
registers according to . That is,

Py(o)|z1)r, @ @ [24)R, = |[To-1(1))Ry @+ @ |To-1(1))R,

for all (z1,...,2¢) € [d]'. We denote by H,, the Haar distribution over n-qubit states, and u, the Haar
measure over n-qubit unitaries (i.e. the unique left and right invariant measure).
Relations Relations are an important part of the path recording framework, here we define relations

between sets, as well as what it means to be injective and to take the inverse of a relation.

Definition 4 (Relation). A relation between two finite sets X and Y is a multiset of tuples {(s,y:)}icpy
with x; € X and y; € Y for all i € [t].

Definition 5 (Dom(R) and Im(R)). For a relation R = {(xi,y:)}i—,, define Dom(R) = {z;};cqy and
Im(R) = {yi}icp-
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Definition 6 (Inverse of a relation). The inverse of a relation R = {(z;,y;)}i_, is the relation from Y to
X defined by R™1 = {(y;, i) }_,

Definition 7 (Substrings). Given a string x € {0,1}>***, let '™ 2™ and 25 represent the sub-
string on the first n, middle \, and final n bits respectively, so that x = z'™||z™N||z*™) . Also define (),
t(-) and m(-) for vectors and sets of strings as follows, let S = {x;}icpy, then S'™ = {xl[-(n)}ie[t] and let

T = (21,...,a0), then 210 = () 2l") 3

3.2 Cryptographic Primitives

In this section, we define strong pseudorandom unitaries (strong PRU) [JLS18|, which are the quantum
equivalent of a pseudorandom function, in that an adversary can not distinguish the strong PRU from a
truly Haar random unitary, even with inverse access to both.

Definition 8 (Strong pseudorandom unitaries). We say that a quantum polynomial-size circuit G is a strong
pseudorandom unitary if for all quantum polynomial-time adversaries A, there exists a negligible function e
such that for all X,

. Pr [1 — Af*(k)’cA(kﬁ} - Pr [1 — AZ;\{’MH <e(N).
«—{0,1}> U pn(x)

In the QHROM, both G and Ay have oracle access to an additional family of unitaries {Ux}ren sampled
from the Haar measure on \ qubits, and their inverses.

3.3 Useful Lemmas

Here we present useful quantum lemmas that should be familiar to a reader well versed in quantum compu-
tation.

Lemma 9. For any operator A and vector [¢), [[A[Y) [y < [[Allp 1[4} |l

Lemma 10. Let A be an operator and B be an orthonormal basis of the domain of A. If Ali) is orthogonal
to Alj) for all |i) # |j) € B, then |AHOp = max|; e ||Ali) |5

Lemma 11. Let Iy and Il be two projectors, then 11y and Iy commute if and only if their product is a
projector.

3.4 Path-Recording Framework

We define the following two operators (which are also partial isometries): for any relations L, R,

1
v L)s|R)t L x, R)T,
ISR = ey 2 WU (sl

1
Vr : [2)alL)s|R)T > walDsIRu{(z,y)})r.
\/N | Dom(L U R~1)] y&Dom(LUR-1)

Using V7, and Vg, they define the following partial isometry:
V=V, - (I-Vg - Vi) + T -Vy-V]) -V}
Theorem 12 (|[MH24, Theorem 8|). For any t-query algorithm A = (A1, By, ..., At, By),

Uty U vty Vvt 12
TO( B A7 AP st (1A APV ) ) < 0( 517 )

T T
where N = 2", |A7Y) = TTi_, (UTBUA:) [0)al0)s and [AY) = [Tizy (VIBiVA;) [0)al0)8]2)s|2) -
3Let [(-), v(-) and m(-) can be defined on strings of other lengths too as first, last and middle substring of some length.
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3.5 Restricted Path-Recording

We define the following restricted path-recording operator as:

1
W™ - |2 asc|L)s| R)T ly)asc|L U {(z,9)})s|R)T,
\/22n(2)\ — [Im(L U R)m()\)D y:ymu)gln;(LuR)m(x)
1
Wm( ) s |z)asc|L)s|R)T \/22n (LU R)"O)) Z ly)asc|L)s|RU{(z,y)})T.

yiy™ N Im(LUR)™ (M)

Finally, define:
Wm()\) — WF(A) . (I _ Wg(/\) . WI“;(A)»T) + (I _ WF(A) . Wzﬂ(k)ﬁ) . WIT;(A)»T

Lemma 13. For any t-query algorithm A = (A1, By, ..., A, By),

m(x) pprm(A).t m(A) pprm(A).t t t t4
TD(Trsr (AW AR T ) T (1YY A |))<0< 2A>

where |ABC| = 2+ A, |AY™ T < T, (WROMBIWRO)A,) [0)ascl0)o[2)s|@)r and A7) =
Hi:l (VTBZVA’L) |0>ABC‘O>D|®>S‘®>T-

The proof of the above lemma is provided in Appendix A

4 Glued Path-Recording

In this section, we study the variants of Path-Recording that simulates the Glued Haar unitary.

4.1 Glued Path-Recording

We define the following operators:

vt a2V (1= Vave ') + vEvE (1= VavET - vivET) v

A (e AR A Tl A O A R R
/glued-inv _y/1 VRVR (I VLVS T) + VRVR (I VL y2t VR V3 T)
+Va (1= Vvt = g v vt o (1 - vt vty v

Then we have the following;:

Lemma 14. For any adversary A that makes t forward queries and t inverse queries,

|Avg|ued—fwd7vglued—inv> o |AV3V2V1,(V3V2V1)T> o —O ﬁ
ABCDST ABCDST 2 - oA ”

The proof of the above lemma is provided in Appendix B.
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4.2 Glued Restricted Path-Recording
We first define the following
Im{"(Ly, Ly, Ls, Ry, Ry, R3) = Im(Ly U R3)™™ | JIm(Ly U Ry)'™ | JDom(Ly U Ry)'™Y,

and
ImJ"(Ly, Ly, Ls, Ry, Ry, R3) = Im(Ls U Ry )™M,

Next, we define the following partial isometries:

V™ 2y agc| L )s, | Ru) T, [L2)s, | Ra) T, | Las, | Rs) T,

1
= = > ly)aglz ™) c
V2@ — [Im](Ly, Lo, Lo, Ry, B, o))

y‘W¢ImT‘d(L1,%Q,LB,RI,RQ,Rg)
® Ly U{ ("N ) s, [Ri)T, [ L2)s, | Ra) T, | Ls)sy | Rs)
VA ™) apcl L), |Ri)T, | La)s, | Re)T, | Ls)s, | Bs) T,
1 Z ly)aslz*™)c

2n (2% — |ImT™9(Ly, Ly, L3, Ry, Ro, R v:
V2 = (g (L, Lo, Lo R R, Ro)) o e

@ |L1)s, [Ri U {(@" "N ) 1)1, [L2)s, | Ro) T, | La)s, | Ra) T,
V™ 2y agc| La)s, | Ra) T, [ L2)s, | Ra) T, | Las, | Rs) T,

1
= - Z |2 )aly)ec
V202 = |ImJ¥(Ly, Ly, Ly, Ry, Ro, Rs)))

y‘(”¢ImTi"(L1,yL:Q,LS,Rl,Rz,Rg,)
® | L1)s, [Ri)T, [Lo U{(@"" N, y)})s, |Ro), | Ls)s, | Rs) T
VJ;Q)’mid |z)ac|L1)s, |R1)T,|L2)s, | R2)T,|L3)s, | Rs)Ts
1 > ') aly)ec

2n (2% — |Im™4(Ly, Ly, L3, Ry, Ro, R v
V242 = (] (L, Lo, Lo R R, Ro)) J

@ |L1)s, | Ri)T, | L2)s, | Ro U {(z"™ N )11, | La)s, | Ra)T,
V™) 2y agc| La)s, | Ri)T, [ L2)s, | Ra) 4| La)s, | Rs) T,

1
= _ Z [y)aelz"™)c
\/2"(2A — |Tm3"(Ly, Ly, L3, Ry, R2, Rs)|)

y:

y* M ¢ImT(L1,Lo,L3,R1,R2,R3)
® |L1>51|R1>T1 ‘L2>52‘R2>T2|L3 U {(‘T[(n+>\)7y)}>53|R3>T3

VA ) apc| L1)s, [Ra)T, [ L2)s, | Ro)7, | La)s, | Rs) 7,

1
= - Z |y>AB|xt(n)>C
\/2"(2A — [Im{"(L1, L2, L3, Ry, Rz, Rs)|)

y:
y* N @ImT(Ly,La,Ls,R1,Ra,R3)
® |L1>51 |R1>T1 ‘L2>52 ‘R2>T2 |L3>53 |R3 U {(]"[(n+>\)7 y)}>T3

We define the following operator:
7y €lued-fiud :VL(?,),midVL(z),midVLu),mid (I _ V}g),midvlg),mid,f)
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+ VL(s),midVL(Q),mid (I _ V]%Z),midvng),mid,T _ VL(l),midVLu),mid,T) VI(;),mid,T
4 VL(3),mid (I _ V}(%?)),midV}éS)mid,T _ VL(Q),midVIE2),mid7T> V}gz),midjv]g),mid,f
n (I _ Vés),midVL(g),mid,f) V}(%S),mid,fV]g),midﬁ[VIgl),mid,T

Wg|ued_inv :VI(;),midvlgz),midvlg:s),mid (I _ VL(s),midVL(s),mid,T)
4 Vlgl),midvlg),mid (I _ VL(2),midVL(2),mid,T _ V}(%3),midvlg3),mid,’r) VL(3),mid,T
n Vlg),mid (I _ VL(I),midVIEl),mid,T _ V]g2),midvé2),mid,f) V£2),mid,TV£3),mid,T

I (I . V]gl),midvlgl),mid,]‘) VL(l),mid,TV£2),mid,TV£3),mid,T

Then we have the following;:

Lemma 15. For any adversary A that makes t forward queries and t inverse queries,

) ) 4
1/ glued-fud ’Vglued—lnv L i glued-fwd , i glued-inv o - t
H‘A >ABCDST - |A >ABCDST 9 o 27 ’

where ﬁ = 515253T1T2T3

The proof of the above lemma is similar to Appendix A.

4.3 Defining Forward Subspaces
We define four important subspaces:

e Subspace 1: Define
L1 _ (1),midy ~(1),mid, T
I =I1-Vy Vi .

e Subspace 2: Define _ ) ] )
H[,Q _ V];l),mld(l . V];Z),mldvl:(CQ),mld,T)ngl),mld,T'

e Subspace 3: Define

3 1),mid 2),mid 3),mid 3),mid,} 2),mid, T 1),mid,}
I3 = Yy e (9 midy B midtyy).mid fy.mid.t,

e Subspace 4: Define

4 1),mid 2),mid 3),midy (3),mid,ty ~(2),mid, T 1),mid,}
ITh4 =yt midy (2 midy (8),midy, (8),mid y (2),mid (1), mid. T,

An alternate way to define the above subspaces, we instead define the following projectors:
HR’l _ V]gl)’midng‘gl)’mid71-
HR’H _ Vlgl),midV}g),midV}g),mid,]‘vlgl),midj
HR’123 _ ‘/Igl),mid‘/115‘)12),mid‘/}(23),mid‘/}(23),mid,T‘/}(%2),mid,j“/l(%l),mid,]L
Then notice that II"! = I — I, 1142 = I”! — [IR12 143 = [IR-12 — TIR123 and I1M4 = T17%123,

Proofs of all lemmas in this subsection are in Appendix C.
First notice the following:
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Lemma 16. Let for i € [4], TI" be defined as above, then:

4

dnbi=1

i=1
Lemma 17. Let Weued-wd 4nqd TIN1 be defined as above, then:
_ a1 3),mid 2),mid 1),mid 1),mid 1),mid,f
ngued fwdH[ 1 _ V[(/ ) Vl(/ ) Vé ) (I _ V]é ) Vlg ) )

Lemma 18. Let Weed-wd 4nq T1%2 be defined as above, then:

”nged_fwdnl,g _ VL(B),midV£2),mid (I _ V]S{Q),midvlg),mid,’r _ VL(1),midVL(1),mid,T) Vlg),mid,tHOp _ O(t2/2’\)
Lemma 19. Let Welved-wd 4nd T1%3 be defined as above, then:

nglued-fwdl—[[;; _ VL(3),mid <I _ V}gﬂ),midVIgS),mid,’[ B V£2),midV£2),mid,T) V};z),mid,fvl(;),mid,f”c’p _ O(t2/2>‘)
Lemma 20. Let Welved-fwd 4nd T1%4 be defined as above, then:

op = O(t%/2%)

||Wg|ued_fwdn[,4 _ (I _ V£3),midVL(3),mid,T> V}g),mid,fV}gz),mid,fvg),mid,f

4.4 Defining Inverse Subspaces
Similar to above, we define four more important subspaces:

e Subspace 1: Define _ _
Ht’l —J— V[(/l),mldvl(/l),mld,T.

e Subspace 2: Define _ _ _ .
Ht’Q _ VL(I),mld (I _ VL(/Q)’mIdV[(/2)}mld’T)V[(/1)’mld’1—-

e Subspace 3: Define
Ht’3 _ V[Sl),midVL(Q),mid (I n V£3),midV£3),mid,T)V£2)7mid,TV£1),mid,T.
e Subspace 4: Define

4 _ 1,(1),midy »(2),midy ~(3),midy ~(3),mid, 1 ~(2),mid,t -(1),mid, T
n*=v, vy vy vy vy vy .

An alternate way to define the above subspaces, we instead define the following projectors:

H£’1 _ Vl(/l),midvl(ll),mid,f
HC,IQ _ VL(l),midV£2),midV£2),mid,TV£1),mid,T
123 _ 1,(1),midy(2),midy -(3),midy -(3),mid, 1 ~(2),mid, -(1),mid,t

Then notice that II%! = T — H‘C’l7 o2 = 06t — H"”"m, 53 = TI512 _ 116:123 gnd 54 = 1140123,
We have lemmas for these projectors similar to the "forward" subspaces projector.

5 Structure of Glued Path

In this section, we will study the structure of the "glued path".
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5.1 Graph associated with the Path

Given (L1, Lo, L3, Ry, Ro, R3) we associate a vertex in the graph with each tuple in the path:

Vi, = {(l,2,9)|(z,y) € L1}
Vi, = {(lp,z,9)|(z,y) € La}
Vi, = {(Is,2,9)|(2,y) € Ls}
Vi, ={(v1,z,y)|(z,y) € R}
VRz {(v2,2,9)|(2,y) € Ra}

= {(v3,2,9)|(z,y) € R3}

We define directed edges in the graph to signify the "B" ouput register being fed as an "input". Hence, we
define it as follows:

Erin, = {(vi,v2) o1 = (I1,21,51) € Vi, 02 = (I, 22,52) € Vi, 1" = 25!V}
Eryr, = {(vi,02) o1 = (o, 21,51) € Vi, v2 = (I3, 22,52) € Vig,y1'™ = 25"V}
Eryr, = {(v1,v2)|v1 = (t3,21,91) € VR,,v2 = (ta, Zo,y2) € Viy,y1*™) = 25'M1
Epyr, = {(v1,v2)|v1 = (v2,21,51) € Vi, v2 = (v1,22,52) € Vi, y1' Y = 2"V}
Er,r, = {(v1,v2)|v1 = (Io, 21,51) € Vi,,v2 = (v2,22,92) € VR, 11" N =z, )‘)}
Eryry = {(v1,v2)|v1 = (v2,21,51) € VRy,v2 = (2,22, y2) € Vi, 1Y = 2"V}

Finally, we define the graph as follows:

3
V(Ly, Ly, Ls, Ry, Ry, Ry) = | J (Vi UVk,)
i=1

2
E(Ly, Ly, L3, Ry, Ry, R3) = U (EL,Livs YER k) UELR, UER,L,
=1
G(L17L27L37R17R2;R3) = V(L17L27L37R17R27R3)7E(L17L27L37R17R27R3))

5.2 Defining Paths in the Graph

A path in the graph to a sequence of connected vertices (v, va,...,v,) with edges (v;,v;4+1). A graph is a
line graph if all the vertices in the graph form a path and all edges in the graph are just part of the path.
We say a graph is a linear forest if its a disjoint union of line graphs. For any linear forest, let P(G) be the
set of disjoint line graphs. For any p € P(G), let len(p) denote the number of edges in p.

We start by characterizing the walks in G.

Definition 21 (Line Graphs in G). Given a collection of relations, L= (Ll,Lz,Lg),ﬁ = (R1,R2, R3),
define the following sets:

Prr(L, R) = {p € P(G(L1, Lo, L3, Ry, R, R3))|Pstart € L1, Pend € L3}
Prr(L, R) = {p € P(G(L1, Ly, Ls, Ry, Ra, Rs))|pstart € L1, pena € R1}
Pre(L, R) = {p € P(G(L1, L2, L3, R1, Ra, R3))|Dstart € R3,Dend € L3}
Prr(L, R) = {p € P(G(L1, L2, L3, Ry, Ra, R3))|pstart € R, pend € R}

Next we define "good" lines:
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Definition 22 (Good lines in G). Given a collection of relations, L= (L1, Lo, Lg),ﬁ = (R1, Ra, R3), define
the following subsets of {Prr,PLr, PrLs PrR}"

[(n) [(n)}

| Pstart = (11,21, Y1), Pend = (I3, T2,92),y

(L, R) = ( )
L,R) = {p € PLr(L, R) | pstare = (L1, 1, 91), Pend = (t1, $2,y2)7y1

(L, R) ( Pend = (I3, 22, 52), 31" = 3™}

(L, R) (

(
( (n) _ [(n)}.

'C17332>y2) Yq = Toy

|pstart = (v3 231»?/1)
| Pstart = t3’l’17y1) DPend =

Definition 23 (Good line parametrization). Let p be a line in PE°Y(L, R) for some collection L and R,
then we can write the line p as follows:

p = {(l1, zol|wy, z||r1), (I, m1 ||z 1, m2l|y1), (v2, m2l|z2, m3||y2), - - -, (2 Tnl |0, TrgilUn), (I3, 2[|7n1, yol [w2) } -

Then we define the function
p(LE,f, g: w1, W2, F? Z) =D,

where T, ¥ are len(p)-length vectors of n — X\ bit strings, and 7 is a len(p)-length vector of X bit strings.
We similarly define the functions p with the first index LR, RL and RR for paths in PE59Y(L, R), P&CY(L, R)
and Pg‘}gd (L, R), respectively.
5.3 Defining Good Graphs
We define "good" graphs:
Definition 24 (Good graphs). Given L, Lo, L3, Ry, Ro, R, we say G(L1, Lo, L3, R1, Ra, R3) is "good" if:

1. G(Ly, Lo, L3, Ry, Ra, R3) is a linear forest.

2. All lines in G(Ly, Ly, Ly, Ry, Ra, R3) are either PE5°7, Pad paood . paood,
We define the following parametrized representations of "good" graphs:
Definition 25 (Good graph parametrization). Given any "good" graph G, we define the following represen-
tation: Let

- U (un)
X,Ye{c,R} \ i

where pFX = p(LL, xE5 yF et wfﬁ’l, wzﬁﬁ’l, rEEd 2EE8) and similarly pFR, pRE and pR*. Then we define

g as:

G=G U (LJ{()(}/7 mXY,z,yXYz wf(YZ7w§Y,177,XY,z,ZXY,z)}>

X, Ye{L,R}

5.4 Defining Good Auxiliary States

To define good states, we start by defining state parameter structure notation as 4 sets as follows:
o Sce = {af“}i, where qff = (LL, 2550 yEo wi® wi®) and 2567 = |y,

o Srr = {qER};, where qER = (LR, 2R y~ERE pE Rt ER0y and |2ER1| = [y£RA|,

)

= (Rﬂ,mR£7’7yR£1 w?ﬁz ’LU;QE 1) and |x72£,z| _ R£,1|.

e Sprp = {CIZZL}W where quL ‘y
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e Srr = {a¥%}:, where R = (RR, 2%R4, yRRA Rt T Re) and [oRRA| = [yRRA)

Definition 26. Given a state parameter S, with S = UX,YG{E,R} Sxy and Sgr = {qF* Y, Ser = {aFR ),
Sre = {q?‘:}i and Srr = {q**}i. Define:

H o
o For X,Y € {L,R}, len(Sxv) = > ic|syy| len(zXY"%) and len(S) = Y xveicry len(Sxy).

o For X,Y € {£,R}, count(Sxy) = |[Sxv| and count(S) =3 yc(z gy cOUNt(Sxy).
e Define Im(S) = {wy "X, Y € {L, R}, i}.
We first define another way to parametrize graph states:

L R , “LLh LLh . LLi . LLj o
Definition 27. Given S = Ux ye(r ry Sxv with See = {(LL, x55 yElot wi™t wy™ )Y and similarly

Srr, Sre and Sgr with a = count(S) and b = len(S). Let, for X,Y € {L,R}, XV € {0,1}* and
{TXY”‘}X_,Y,Z- € {0, 1}g?st, Say Z = {ZXY’Z‘}X,YJ and R = {TXY’Z‘}X,YJ—. Define the below:

G(S, R, Z) :g< U {()(}/7 .,I:XY,z7yXY,17wl.XYﬂ’wg(Y,l7rXY,z,ZXY,Z)}i>
X, Ye{L,R}

Definition 28 (Good State Parameter). Given a state parameter S, with S = S = UX,YE{L,R} Sxy and
See ={af“Yi, Secr = {afR}i, Sre = {a**}i and Srr = {afR}i. We say S is a good state parameter if
[ Tm(.S)| = count(S).

We define parametrized "good" auxiliary states:

oy . a . LLG . LLG LL LL,
Definition 29. Given a good state parameter S = UX,YE{L,R} Sxy with Sge = {(LL, %"y~ wi™"  wy ™)}

K2

and similarly Ser, Sre and Sgrr with a = count(S) and b = len(S). Then we define the following state:

_ 1 _
|®(S)>ﬁ:\/QM(QA)...(QA—bJrl) ZE{%;}M G (S,R. Z))st.

Re({0,13*)"

dist

where |G (S, R, Z))ss denotes the |L1)s,|L2)s,|Ls)s,|Ri)1,|R2)T,|R3)T1, corresponding to the G (S, R, Z).
Finally, we define the following "good" projector:

Definition 30. Define "good" projector as follows:

e = 3 |56 (S)

_ S
S is good

5.5 Relation between 11" and I1¢°°d

Ideally, we want to show that II%’s behave well with I1¢°°¢, first step we want to show that they commute.
In particular, we show instead that II®!, TI®12 and II®!23 commute with I16°°9,

From Lemma 11, we know that two projectors commute if and only if their product is a projector. Hence, to
show that IT®1, TI®:12 and TI®123 commute with I16°°9, we need to show that their product is a projector.
To define these projectors, we first define the following vectors:
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e Let 57 be a good state parameter, let X € {£,R}, t € N, 7 € {0,1}¢ D7 and ¥ e {0,1}' and
wy € {0,1}*, let a = count(S’), define

L1 Z [y, wh, (S U{(XR, 7, yp|| ¥, w1, w5)})) agst-

1
X ’ —(1
| S ,Xﬂv?—/’“’l> 2"(2’\ 1) Yo €{0,1}"
J0 ’

whe({0,13M\Im(57))

e Let 57 be a good state parameter, let t € N, X € {L,R}, 7 € {0,1}0+27 and & € {0,1}" and
w € {0,1}*, let @ = count(S’), define

1
[,2 =
X5 x77m) T g S et y e%:l}"
y?G{O,l}n -
whe({0,1}\Im(57))

|y67wévy/17 6(§U{(X,Rw ?ay{)H?Hy/la w17wl2)})>ABCﬁ'

e Let S be a good state parameter, let 7 € {0,1}?" and w € {0,1}*, let a = count(5”), define

|y6v w/Qay/h 6(§U {(RR7 ?7 (yé)ayll)vwla w/Q)}»ABCSiT

1
= n A Z
274/ (2 a+1) el
v €{0,1}™ -
whe({0,13M\Im(57))

Notice that the above states defined are norm 1 and orthogonal.
The way to think about these states is the following;:

e The space spanned by |X[SL,1X — ) are the "Good" states in the image of V}(zl)’mid.
14y E »y W1

e The space spanned by |X[S;,2X . ) are the "Good" states in the image of Vlgl)’midVlg)’mid.
s, T, YW

e The space spanned by |X§? " ) are the "Good" states in the image of Vj(zl)’midvl(f)’midvlgg)’mid.
9 W1

Similar to above, we also define |y*?) as:

e Let S be a good state parameter, let X € {£,R}, t € N, 7 € {0,137 and & € {0,1}*" and
wy € {0,1}*, let a = count(S’), define

1 Ke = }7 =
|XIS7’17X,777,1U1> = n(oON _ z : |y6,w’2,6(5”u{(X£, ’yéH ’wl’wé)}»ABST'
0 s

wh€({0,1}*\Im(57))

e Let S be a good state parameter, let ¢t € N, X € {£,R}, 7 € {0,1}027 and ¥ e {0,1}" and
w € {0,1}*, let a = count(S’), define

|y(/)7wé7y/1a 6(§U{(X[’7 773/0”7”2/1711)17w/Q)}»ABCSiT

1
‘X;’;?X_}ﬁ )= Z
X, T, Y W n A
/P —atl) S
yie{0,1}”
whe({0,13M\Im(57))

e Let S be a good state parameter, let 7 € {0,1}?" and w € {0,1}*, let a = count(S’), define

t,3

1
IXer )=
0 B
y1€{0,1}"
w€({0,1}*\Im(57))

|y(/)7w/27y/17 QS(?U {(‘Cﬁv ?7 (yévyi)vwlvwé)})>ABcﬁ'
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First notice that these states defined above are related to each other as follows:

Lemma 31. Let S be some good state parameter and xo,z; € {0,1}", wy € {0,1}*. Then we have the
following:

VR mdy Rhmidy S mid ) |21) |6 (S)) = [xL )

S, (x0,21),w1

Lemma 32. Let S’ be a good state parameter, let X € {L,R}, t € N, Z € {0,1}+D7 and 7 € {0,1}t",
zo € {0,1}" and wy € {0,1}*. Then we have the following:

(1),midy ~(2),midy ~(3),mid,t|_ «,1 L2
Vi VRTTVETTING g ABSTIE0C = NG x 0y BT

Finally, we have the following lemmas that formalise that |x?)’s span 1417

Lemma 33. We have the following:

GoodTR,1 _ 1,1 11
TR = YL Nk g N
?,X,?,?,wl
Lemma 34. We have the following:

HGOOdH'R,lQ _ E
§.X, 2,7 wy

1,2 1,2
XS x,2 7 XS X7 7 |

Lemma 35. We have the following:

GoodTR,123 _ [,3 3
= - ; NG 2 00 X 2 0|
577wy

Similar to above, we have T16°°¢ times IT%* as a projector on space spanned by |x®?).

5.6 Most states are "good"

We say states are "good" if applying I16°°¢ doesn’t change the state much. In this subsection, we show that
any state achieved by querying Veled-fwd and yglued-inv j5 1o66d". To do this, we start by showing that for
any "good" state in the subspace associated to II"*, applying V#&Ued-™d returns a good state. Formally, we
show the following lemmas:

Lemma 36. Let |¢) be some state such that
o I1°°¢) = |¢)
o 1I"g) =0)
Then, TI600d /glued-fud | ) — Jglued-fud | )
Lemma 37. Let |¢p) be some state such that
o 11%%g) = |¢)
o 11'%|g) = |¢)
Then ||TIGo0dpyglued-fwd | ) _ pglued-fud | ) 1, — O(#2/2))
Lemma 38. Let |p) be some state such that
o I1°°¢) = |¢)
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o 9]) = |9)
Then ||TIGo0d T slued-fud| 5y _ yrglued-fad | gy |1, — O(¢2/22)
Lemma 39. Let |¢p) be some state such that

o 11%°d|g) = [0)

o 1I'¢) = |¢)
Then ||IIGo0d T slued-fud| 5y _ yrglued-fad | gy |1, — O(¢2/22)

The proofs of above lemmas are in Appendix E.
Finally, combining the above, we get the following lemma:

Lemma 40. Let |¢) be some state such that T1°°%|¢) = |¢), then ||TIccodyglued-fud|p) _ jrelued-fd| )|,
O(t?/2*)

The proofs of above lemma is in Appendix E. Symmertically, we can also get the lemma below.

Lemma 41. Let |) be some state such that T1°°°|¢) = |¢), then |[TICccdTyglued-inv|g) _ pyglued-inv| g4y,
O(t?/2*)

Let A denote a strong PRU adversary. For any unitaries U, define

t
|AU’Uf> = H (U,IBCBiUABCAi) |0)aBc|0)D.-

i=1
Lemma 42. Let A denote a strong PRU adversary. Define

lued -fwd lued-inv
) = AT

|¢> _ |AHGoodelued—fwd7HGoodelued—Tnv>

Then
I[9) = [6)[l2 = O /2*).
Proof. Define
o) = 10)aBc|0)p|D)s,|D)s, |D)s, D)1, D)1, D) 15
) = Wg'”ed'_deA(i+1)/2|1/%71> ;4 is odd.
! Wg'UEd""VBi/QWFﬁ ,1 is even.
Similarly, define:
[¢0) = 10)aBc|0)D|9)s,|9)s,|2)s, 1), 1) 1, |2) s
‘(b) _ {HGoodwglued-fwdA(i+1)/2|¢)i_1> ,i is odd.

[[Cecdpyelued-inv B, ) |gh; 1) .4 is even.

Notice that
HG°°d|¢i> = [¢)
We prove this by induction.
Base Case: |||¢o) — |t0o)]]2 = 0.
Induction Hypothesis: |||¢;) — ;)] = O (2’—3;)
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Induction Step: We prove this for i being odd:
[Wi1) = [Diza)llz = (WA 1y o] i) — TIOCTWEREEMAA Gy o [4) o

[ee] ued-Twi ZB
< ||(I _ HG d)WgI d-f dA(i+1)/2|¢i>||2 +0 (2)\)

o(F) L o(2)
:0<(i;1)3)

Where the second line is by induction hypothesis, and third line is by Lemma 40. Similarly, we can prove
the induction step for i being even.
Then by induction we have

1) = |#)ll2 = O(t*/2%).

6 Strong Gluing of Haar Random Unitaries

We now state the main result of this section.

Theorem 43 (Strong gluing of random unitaries). Let A, B, C be registers, and Upxg, Ui, and U3y be Haar
random unitaries on n+ X qubits, with B being A qubits. Then for any t-query adversary A®), the following
holds

TD E |AU/§BU§CU§81(U§BU§CU;B)T><AUgBUéCUAle(U/fBUBQ‘CUAlB)T |} , E [|AOABCvOch><_AOABCVOZ\BC|]
UL, U2, U3 pnp O<—pian—x

t2 3 3
=0 (2)\/2 + A + 2(n+)\)/8) :

6.1 Proof of Theorem 43
Let A denote a strong PRU adversary. For any unitaries U, define
. t
|AVUTY = H (U/IBCBiUABCAi) |0)aBc|0)p-

i=1
We define the following hybrids (changes are denoted in red):
Hybrid Hy: Define:

12(0)) = | A% Ohic),
Output

E [lui(O)Xur (O)]].

O~ pion g

Hybrid Hs: Define: ,
|u2> _ |A‘/"ﬂ>’

where V, VT acts on the registers ABCST and registers S and T are initialised as |@). Output

Trsy (Jus)us)
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Hybl‘ld Hg: Define
x7m(A arm(A),

where W™ 1" acts on the registers ABCST and registers S and T are initialised as |@). Output

)

Trst (|us)usl) .

Hybrid Hy: Define
IIGOOd M/,rglued-fwd IIGOOd va\ued-in\/
ug) = |A ’ )
where T[Gocdjjglued-fwd TrGoody glued-inv 50t on the registers ABCS;T1S,T2S3T3 and registers S; and T, are
initialised as |@) for i € [3]. Output
Tr515253T1T2T3 (‘u4><u4|) .

Hybrid Hs: Define
178lued-fwd 11 glued-inv
|u5> — |AH€ ,We >
where Wglued-fwd jyrglued-inv 5cts on the registers ABCS;T1S2T»S3 T3 and registers S; and T; are initialised as
|@) for i € [3]. Output

)

Trs,s,5,7, 7,5 (|us )us)) -

Hybrid Hg: Define
lued-fwd lued-inv
Jug) = [AYTTVEET
where Vglued-fwd /glued-inv yots on the registers ABCS;T1S,T2S3 T3 and registers S; and T; are initialised as
|@) for i € [3]. Output

)

Tr515253T1T2T3 ( ‘ Ue ><U(; | ) .

Hybrid H7: Define
‘u7(U1,U2,U3)> — ‘AUEBUch/ti(UEBUBQCUjB)T>.

Output
[|uz (U, U, U Yur (U, U, U?)]] .

U1,Uz,Us~ 42
Statistical Indistinguishability of Hybrids. We prove the closeness as follows:
N1/8

Claim 44. The trace distance between Hy and Hy is O(L)

Proof. By Theorem 12. O
Claim 45. The trace distance between Hy and Hs is O(, / ;i)
Proof. By Lemma 13. O

Claim 46. The trace distance between Hs and Hy is O(;—i)

Proving Claim 46 is the main technical step of this section. We begin by defining Ocomp in Section 6.2, which
we then use to prove Claim 46 in Section 6.3.

Claim 47. The trace distance between Hy and Hsg is O(;—i)

Proof. By Lemma 42. O

28



Claim 48. The trace distance between Hs and Hg is O(w;i).
Proof. By Lemma 15. O

Claim 49. The trace distance between Hg and Hs is O(;—i + ﬁ)
Proof. By Lemma 14. O

6.2 Defining Ocomp

The intuition towards defining Ocomp is the following: Given any path q € S, you can think of Ocomp as
interweaving forward and backward queries that share the AB register but not C;.

Formally, we define comp as below: Given q = (Eﬁ,ﬁ,ﬁ LL wil) € 'S with len(q) > 2, then define
for uﬁ c {O, 1}(Ien(q)—l)n ﬁ c {0, 1}(Ien(q)—l))\
IL ﬁ»

|comp(q, u
{5 " lwi et urt|lor [y ), ( 2yt |agt ausLHUsLHyLL),
e (sl fop By |l Bas ug Lo lon Loyt )7( Eillogt Hl‘n Erye o™ llyef)})
@ [{(u LL||U1L||$2LLau§L||U2L||y2 )s o (uplollonLollant w2 o Ellyn 2 )
On any q = (LL,x 7 7 ,wht) € S with len(q) = 2, uﬂ = (),vﬂ = (), then define

(@, ‘73 L)) = [P b | EE g [k ) 1 0)

|comp

We think of « WL and UTE the simulated A and B. B
Similarly, define comp on ¢ with first element LR, RL and RR. Next, we define an operation that takes S,
a set of W’s and U’s, and give a combined database:

Formally, let S with a = count(S) and b = len(S). Let U = {u b € 0,1}~ and VY = {v }i € {0, 1}~
then define

< ==
F(S.U ) = | leomp(ai, ', v)
q,:e?
Finally, we define Ocomp

—_ 1 _
B N T (C R ) u{z} e

Ve{0,13M\Im(S))55¢

We define the operator § as B B
Ocomp|®(s>> = ‘S(S»

Then we prove the following:

Lemma 50. For any integer t > 0,

e Forward query:

I (OcompHGoodelued-fwd _ Wm()\)ocomp) HGoodHStHop _ O(t2/2’\)

e Inverse query:

” (OcompHGoodwglued—inv _ Wm()\),]‘ocomp) HGOOdHSt”op — O(t2/2>\)

We prove the above in Section 6.4 but before that we will finish proving Claim 46 in Section 6.3 us-
ing Lemma 50.
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6.3 Proof of Claim 46: Closeness between H; and H,
Denote the initial joint state in Hg by
[tho) == 10)aBc|0)p|2)s|2) 7.

For i € [2t], denote the joint state right after the i-th query by

;) = Wm(A)A(iJrl)/zWi—ﬁ ,if i = 1mod 2
' WoNAB, o |1hi1) ,if 4 = 0 mod 2.

The output of Hy is
Trst (|th2e)Xt2ul) -

Similarly, denote the initial joint state in Hy by
|¢0) := |0)aBc|0)p|@)s, [D)T,[D)s,|D)T,|D)s. D)
For i € [2t], denote the joint state right after the i-th query by

‘¢> _ HGOOdeIHEd'deA(i+1)/2|¢i_1> ’ ifi=1mod 2
Y| ICecdyyeledinv g, o6, ) ,if 4 = 0 mod 2.

The output of Hy is
Trs,s,5,T,T,Ts (|¢2t><¢2t|) :
We prove the following claim by induction: for i € [2t], ||Ocomp|®:) — [t} |2 = O(i3/2%).

e Base case: Ocomp|do) = [%0)-
e Induction hypothesis: Suppose ||Ocomp|di—1) — [ti—1)|l2 = O((i — 1)3/2*).

Consider the following two cases:

Case 1: 7 is odd:

‘|Ocomp‘¢i> - W}z>H2

=||OcompITedWaMd-Md A v oldi1) — WM Ay jalthi1) |2
(by expanding the definition of |¢;) and |¢;))

S‘|OcompHGOOdWg|UEd_deA(i+1)/2‘¢i—1>71/1/r1n(/\>A(1}+1)/20c0mp|(r/>ifl> H2
+ HW"“(A)A(i+1>/2(’)comp\(/Si,l> - Wm(A)A(iH)/zWi—l)Hz (by the triangle inequality)

:H(OcompHGOOdngued_deA(i+1)/2 - Wm(A)Ocomp)A(i-ﬁ-l)/Q|¢i71>H2 + HWm(/\)A(i+l)/2(Ocomp|¢i71> - |w171>)”2
since Ocomp an i+1)/2 commute
i Ocomp and A( +1)/

SH(OcompHGOOdngued_deA(i+l)/2 - Wm(A)Ocomp)HGOOdHStHOp + | Ocomp|pi-1) — |7/’z'—1>||2 (by Lemma 9)
=0(i?/2") + O((i — 1)3/2%). (by Lemma 50 and the induction hypothesis)
=0(i%/2*)
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Case 2: 7 is even:

||Ocomp|¢i> - |7/)z>||2
:||OcompHG""de'“ed'i”"Bi/g\(bi_l) — Wm()‘)’TBi/2|wi_1>||2 (by expanding the definition of |¢;) and |¢;))
S||OcompHGOOdelued_iani/2‘¢i—1>*I’/Vm(/\>’1‘Bvﬁ/20comp‘Q)ifl>||2

+ W B 5 Ocompldi—1) = W B, jalahi 1)l (by the triangle inequality)

=[[(OcomplI & WE B, 1y — W TOomy) By ja|di—1) 2 + W By 13 (Ocompldi-1) = [¢i-1)) 2
(since Ocomp and B;/; commute)

S||(OcompHGOOdWgIUEd_ianiﬂ - Wm(A)ytocomp)HGOOdHStHop + | Ocompldi—1) — [Pi—1) I, (by Lemma 9)
=0(i?/2M) + O((i — 1)3/2%). (by Lemma 50 and the induction hypothesis)
=0(i%/2*)

6.4 Proof of Lemma 50: Closeness of the Oracle Queries

To prove Lemma 50, we first prove it in the subspaces defined by II“*. Formally, we show the following
lemmas:

Lemma 51. For any integer t > 0,

I (OcompHGoodwglued-fwd _ Wm(’\)ocomp) TSN Ty o = O(t2/2Y)
Lemma 52. For any integer t > 0,

I (OcompHGoodelued—fwd _ Wm(,\)ocomp) TIS4 2Ty | = O(t2/2)
Lemma 53. For any integer t > 0,

I (OcompHGoodelued—fwd _ Wm(A)Ocomp) HG°°dH[’3HgtHop _ O(t2/2’\)
Lemma 54. For any integer t > 0,

I (OcompHGoodelued-fwd _ Wm()\)ocomp) HGOOdH[AHgtHop _ O(tQ/QA)

We give proofs of the above lemmas in Appendix F.
We restate Lemma 50 for convenience.

Lemma 55 (Lemma 50, restated). For any integer t > 0,

e Forward query:

” (OcompHGoodwglued—fwd N Wm(A)Ocomp) HGOOdHStHOp _ O(t2/2>\)

e Inverse query:

” (OcompHGoodwglued—inv _ Wm(A),Tocomp) HGOOdHSt”op — O(t2/2>\)

Proof. We prove the lemma for forward queries and we get it for inverse queries symmetrically. We want to

show
” (OcompHGoodwglued—fwd _ Wrﬂ(A)Ocomp) HGOOdHStHop — O(t2/2/\).
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First, note that from Lemma 16, we know that 2?21 I = I. Hence, we get

v :” <OcompHGoodelued—fwd . Wm()\)ocomp) HGOOdHStHOp

4
:H <OcompHGoodelued—fwd _ Wm()\) Ocomp) HGood <Z H[,i) H§t||0p

i=1

4
:” Z ((OcompHGoodelued—fwd _ Wm(/\)Ocomp) HGoodH[,z) Hgt”op

@
Il
-

4
< Z || ((OcompHGoodelued-fwd _ Wm(A) Ocomp) HGoodHI,i) H§t||op

Where the fouth line is by triangle inequality, and fifth line is by Lemmas 51 to 54. O

7 Stretching Strong Pseudorandom Unitaries

Now we show how to apply our results to get nearly linear depth and to stretch the length of any strong
pseudorandom unitary, relative to its key size.

To prove that we can stretch the keys in a PRU family, we start by recalling the following result
from [ABGL25],

Theorem 56. For any f(n) = w(logn), ki, ko, k3 € {0,1}/™) | define
GY (k1 |lka[ks) == (X™ @ L ) U(X** @ Lo ) )U(X™ @ L)),
where U is an n-qubit unitary. Then {Gu (k1||k2||k3)}k, ks ksef0,13 500 @8 a strong PRU in the QHROM.

At a high level, from a single instance of a strong pseudorandom unitary for a key k, and 9 random strings
of length O(logz(n)), we can create three additional instances of a strong pseudorandom unitaries, that are
random even relative to the original instance of the pseudorandom unitary, by applying the construction
above thrice. Then we can apply the strong gluing theorem to join these three pseudorandom unitaries into
a strong pseudorandom unitary acting on a larger input. Formally, we have the following theorem.

Theorem 57 (Stretching a strong PRU). Let {PRU)\’k})\eN,kG{O,l}A be a strong pseudorandom unitary family
with keys of size A acting on t(\) many qubits. Then there exists a family of strong pseudorandom unitaries
{StretchPRU, ;g 13xs0106200 } with keys of length A + 9log?(\) that acts on 2t(\) — log®(\) qubits.

Proof of Theorem 57. Let ki||...||ko be a string of length 9log?(\) where each k; is length log?()\). Then
consider the following construction of StretchPRU on registers ABC, where A is t(\) — log?()\) qubits, B is
log?(\) qubits, and C is ¢(\) — log®(\) qubits.

StretchPRUk”le___HkQ =
(XF1PRULX* 2 PRU, X ") o (X PRU, X" PRU, X" )gc (X*PRU, X" PRUL X %)z .

Let Stretchy,||...|jx, (U) be the same construction, except that PRUy is replaced with a unitary U. Then by
the definition of a strong pseudo-random unitary, we have the following for all polynomial-time adversaries

A.

Ellky]l-. kg

Pr

[T “ AStretchPRUkalH_‘_Hkg,StretchPRUT }
El|k][...||ko<—{0,1} A0 10s% ()
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- P T As”‘*td’klH---Hkg(U)»(St'etd‘klH---Hkg(U))T] < negl(A).
He(N)
||l {0,110 )
From Theorem 56, applied three times, we have the following bound:
PI' T(_AStretChkll\mHkg(U)7(Stret‘:h7€1HmHkQ(U))T:I
Us—pi(x)
k||| ko< {0,1}°108% ()
— P T e ATV < negl(3).
U\ V,W4—py(x) o

Finally, applying Theorem 43, we have the following:

< negl(\).

’ ’ T T
Pro [TeArvw@vmil_ o pr [T 400
U’,V,W(—,u.to\) O<—/L2t(>\>710g2(>\)

Applying the triangle inequality, the construction of StretchPRU is indistinguishable from a large Haar
random unitary on 2t(\) — log®(\) qubits. O

Corollary 58 (Strong pseudorandom unitaries with small keys). If there exists a family of strong pseudo-
random unitaries, then for every constant c there exists a strong pseudorandom unitary family such that

1. The key size is A + 9clog®()).
2. The pseudorandom unitary family acts on X\°(t(\) —log®(\)) + log®(\) qubits.

Proof of Corollary 58. We recursively apply the previous theorem clog(\) many times. Each time, we need
9log?(\) additional bits of randomness, and we double (minus 9log®(\)) the output length of the strong
pseudorandom unitary. Thus, after performing this transformation recursively n times, our output length is

27t(\) — 2771 9log®(\) — 2772 - 9log?(\) — ... — 9log®(A) = 2"(¢(A) — 9log*(N)) .

This setting n = clog()), we get the desired key length and output length. Note that this requires running
the original strong pseudorandom unitary O(A¢) times, which is polynomial in A for constant c. O

Rescaling so that A < X\ + 9clog® (M), we have that there is a family of strong pseudo-random unitaries
with keys of length A and output size roughly A°.
Next, we prove that our strong gluing theorem implies that strong PRUs exist at near linear depth.

Corollary 59 (Shortening a super-linear depth PRU). If there exists a family of strong pseudorandom uni-
taries, then for every constant ¢ there exists a family of strong pseudorandom unitaries with depth O(n*+1/¢).

Proof. Let G = {G"} nen denote a strong pseudorandom unitary family with G” denoting the unitaries with
input length n. Let K™ denote the set of keys assoicated with G". By the definition of strong pseudorandom
unitaries, the depth of any circuit in G" is asymptotically bounded by a polynomial in n, the input size.
Let ¢; be a constant such that the depth of the family of strong pseudorandom unitaries is asymptotically
bounded by O(n).

e 1/(c1-¢)
Then circuits in G» !

are strong PRUs on input length n'/(¢1®) qubits, whose depth is bounded by
O(n'/¢). Then for any ¢ € poly(n), we sample some ki, ..., kos 11 < Kt v We arrange Uk, ... Ukt

in the following circuit:
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[k Ukat+1

Uk Uket

Ukt Ukt+2

At

Ukt

Acyo

In the above, |4;] = n'/(¢1"¢) /2. Notice that the above circuit is on input size (¢t +2) -n!/(¢1°9) /2 that has
depth (2t + 1) - O(n'/¢). Let t = O(n), we have a family of circuits on input length O(n) that has depth
O(TL1+1/C).

We prove sampling ki,..., ko1 — K" and arranging as above gives us a family of strong PRUs
with input length O(n) that has depth O(n't'/¢). To prove that the above circuit is a PRU, we start by
applying the strong gluing theorem on the middle three unitaries (i.e. U**U¥*#+1U¥#2) and replacing it with
a larger Haar unitary (say V7). Next, we apply the strong gluing theorem on the new middle three unitaries
(i.e. UFt=1V,U"+3) and replacing it with a larger Haar unitary (say V). Repeating this process a total of ¢
times gives us a single large Haar unitary. O

1/(ey-e)
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A Restricted Path-Recording

We define the following restricted Path-recording as:

1
—Im(ZU R™O])

Wmm |z)aBc|L)s|R)T

\/22n

1
~ (L UR)"™))

Wg(k) s @) asc|L)s| R)T =

\/2277,(2)\

We start by proving that Wzlo‘) is close to V..

Lemma 60. For any integer t > 0,

t(t+2)

(Ve = W)t <3/ =5

and ||[(Vgr

~ WM ey lop <

>

yiy™ M gIm(LUR)™ (M)

D

yiy™ N Im(LUR)™ (M)

t(t+2)
22

Proof. Consider an arbitrary (normalized) state in the support of I,

[¥)aBCST =
z,L,R

where o, 1, g = 0 whenever |[L U R| > t. Then

Qg L R
VL|¢ JABCST = Z \/22n+)\ |Im L UR~ )|
and
Qg LR
WE‘(’\)W)ABCST = ~
sz:R V227(2> — [Im(L U R)™™V])
Subtracting,

(Vi — Wg(/\)”@ABCST

= § Az L R

z,L,R

>

y:ym(k) glm(LuR)m(A)
yZIm(LUR™!)

>

y¢Im(LUR—1)
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>
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y:y™ N EIm(LUR)™(Y)
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1
X
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N \/2271(2/\

1
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Note that |wy), |ws) and |v) are orthogonal. Thus,
2
|V = W) asest|, = (@lo) + (wilwn) + (walws)

Bounding (v|v). Similar to [MH24], by changing the order of summation, we can rewrite |v) as

)y = 3 LR > a’”’L’R<\/22n+A 1 1 )

e oy (LUR )| /2272 — [Im(L U R)"OV))
, L'=LUu{(z,y)},
Y™ gIm(LUR) ™)
y@Im(LUR™Y)

and thus

/\
=
<
<
I

1 1
Oy L, -
S (Z) o (ﬁ?nﬂ “[m(ZUR )| /2272 —[m(ZU R)w))
’ L'=LU{(z.)},
YN gIm(LUR)™ M)
y¢Im(LUR™!)

(]

Z ‘am,L,R 2
v,L' R (z,L):
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2
. D 1 - .

(o) V2 —Tm(LUR )] /2@~ [m(LUR)"™]) ) |
L'=Lu{(z.y)},
y“l</\)¢1m(LUR)m()\)
y¢Im(LUR™!)

where the last inequality is by Cauchy-Schwarz. We can bound the summand by writing

2
> . - !
(z,L): V22 — [ Im(LUR-Y)|  /220(2* — [Im(L U R)™M))
L'=LU{(z.)},
ym(k)glm(LuR)m(A)
y¢Im(LUR™!)
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2
3 V22 Im(LU R)™OV]
S\ - Im(LUR @ — [I(LUR)
L'=Lu{(z.y)},
Y™ ¢Im(LUR)™™)
y¢Im(LUR™')

(since a— Vb < va—b when a > b>0)

_ (Z1+1) [ Tm(L U R)™)|
- 922n+2A—-2

where the last inequality uses the fact that for any fixed L', there are at most |L| + 1 choices of (z, L) that
can satisfy L' = LU {(x,y)}. Thus,
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Bounding (w;|w;). We know that
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Similarly, we also have
t
(walwe) < Sorexs-

Hence, it holds that

N t(t+2)
|V = WMo </ =
By a symmetric argument, we have
m(\) t(t +2)
(Ve = WOl < /552 =

Using above, we have:

Lemma 61. For any adversary A that makes t forward queries and t inverse queries,

. . 4
WA m(A) ppinv.m(3) Vi yiny t
HlA >ABCDST - ‘A >ABCDST ) =0 2— .

B Glued Path Recording

We want to show that instead of querying V3V2V! is close to querying V&Y. We start by proving the
following lemma:

Lemma 62. Let VL1 be such that it acts on ABS{T1 and VI% be such that it acts on BCS, Ty, then

t2
VRl <0 (7).

Proof. Let
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Then [[[x)[13 = (x|x),

1
2 _ 2 :
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The above lemma gives us the following:

Lemma 63. For any adversary A that makes t forward queries and t inverse queries,

3
yelued-fud 1 glued-inv Viy2yl (vsyzylyt t
H|A )ABCDST — |A ( )" )aBCDST , =0l )

C Proofs from Section 4.3

Proof of Lemma 16. Start by noticing that

H[,l =] — HR,I
H[’2 :H'R,l _ H'R,lQ
H[,3 :HR,IQ _ HR,123

H[,4 :HR,123

Then adding:

4
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=/

Proof of Lemma 17. Start by recalling
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and (1),midy (1), mid,
[7 _ ,mi ,mid,
ot =71-vy ™y .

Then notice that ) ) ) .
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Hence we get
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Proof of Lemma 18. Start by recalling
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Proofs of Lemmas 19 and 20 are similar to above.

D Proofs from Section 5.5

Proof of Lemma 31. Recall that we want to analyse:
1),mid 2),mid 3),mid ya
[6) = Vi MV TV T ) ) 1) |6 (S)
In the below calculation, we don’t explicitly write the normalisation, and can be verified.
1),mid 2),midy ~(3),mid el
[6) = ViV VR ) o) 1) [6(5))
= >0 VRV ) i) ) |G(S. R, 2)

ZE{O,l}a”
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Proof of Lemma 32. Recall that we want to analyse:
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In the below calculation, we don’t explicitly write the normalisation, and can be verified.
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Hence, we have

(1),mid »(2),mid+ -(3),mid, | .1 N L2
Ve VR TTVETTXG x 2 7 00 1aBSTIT)C = NG x 2100 7 ABCST
O

Proof of Lemma 33. Fix some y,w, S where S is good and a = count(S) and b = len(S). We start by looking
at what
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Notice that the above is zero if there’s no line in G (F, R, Z) of the form (XR, z, Y| \7, wy,w, T, z) for some
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Ze{0,1}"
Re({0,1}*)"

dist
X ‘G (?U {(XRa ?ay/H?vwl,w/)}a R, Z)>ﬁ

1 1 —
= |y’,w’,®(S’U {(XR7?7y/||7aw1vw/)})>A857T
V202X —a+1) /272X —a + 1) y/e%,:l}"

w’'€({0,1}*\Im(57))

12
dist

Ixtt )
XS7. X, % 7wy

Finally, to understand II™'11¢°°¢_ we expanding the projector I16°°9:

IR 1Ge0d _R:1 Z |y7w,®(§)><yaw76(§)|ABﬁ

_yw,S
S is good
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Z HR’1 Iy, w, ®(§)><y, w, ®(§)|A8ﬁ

_yw,S
S is good

= > IRy, w, &( U{(XR, 7yl Y, wi, w) D))y, w, &(S" U{(XR, 7, yl| Y, w1, w)})| agst

y,w
Xy?,gawh?
we{0,13*\Im(S7)

- ¥ Iy
o V/T@—at1) XTI T
X, 7,7 w1,

we{0,1}*\Im(S7)

Wy, w, 8(S"U{(XR, 7, y|| T, w1, w)}) | agst

Z |XS’X?7’LU1><XS’X?7’LU1|A857T
X, 7,7 wi,5

Hence,
HGOOdH'R,l — E
?7X77777w1

11 (1
IXE %2 70 X X7 |

O

Proof of Lemma 34. Fix some yo,w,y1, S where S is good and a = count(S) and b = len(S). We start by
looking at what

@y 505 = IO 2 [yo)alw)elyr)c|B(9))sr,

Then we have the following:
|wyo,w,y1,§> :HR712|y0>A|w>B|y1>C‘ﬁ(g»ﬁ
1 _
> TRPly)alw)sly)clG (S, R, Z))sr

\/2aTL : H?:1(2)\ —1 + 1) ZG{O 1}"”
Re({011%)],,

Notice that the above is zero if there’s no line in G (?, R, Z) of the form (XR, 7, yoHﬁﬂyh wy,w, T, z) for
some X € {£,R} and 2,7y, w1, 7,z That is that § = &’ U {(XR,?,y0||7|\y1,w1,w)}.Then the above
looks like:

1
Yyow30.5) = T > 17 2]yo)alw)ely1)c
\/2 : H’L:l(2 —1 + 1) VA G{O 1}(a n
Re({0.3M)uwy)’ ™!
ze{0,1}"
?e({0,1}*\R’)ﬁt‘

X ‘G (?, R/, Z/) U {(XR7?>yO||?Hyl7wlaw7?7z)}>57T
. ST Al )elyi)a

ZIE{O,l}(a_l)n

222X — a4 1)y/200 T, (2N — i+ 1)

Re({o,132)" 17!
z€{0,1}"
Te({oN\R) 7!
yoe{0,1}"
w'€({0,1}*\Im(57))
y1€{0,1}"

|G (5, R, Z") U{(XR, T, o[ ¥ lly1, wi, w', 7. 2) st
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]. ! / !
- 2n (9N _ an . TTb A g Z |yO>A‘w >B‘y1>c
221(22 —a +1)/20m - TE_ (22 —i + 1) yoe{0,1}"
w'€({0,1}*\Im(57))

y1€{0,1}"
Ze{o,l}an

RE({011Y) .,
|G (S"U{(XR, @, 4ol T |lvy, w1, w")}, R, Z))sr
1 1 / ! / Q7
= 'y B(STULXR, T,y Lwy,w =
2"\/(2>‘—a+1) Qn\/(2A S y/e%:l}n Yo Y1, 8( {( yOH?Hyl 1 )})>ABCST
0 )

w’'€({0,1}*\Im(57))
v, €{0,1}™

[x22 )
X?,X,?,?,wl

HR,12HGood HGood.

Finally, to understand

HR,12HG00d :]__IﬁR’l2 Z \ymw,yl, ®(§)><y07waylv®(§)|ABCﬁ

, we expanding the projector

Yo,w,y1,5
S is good

= Z HR’lZ‘yovwvylv®(§)><y07way176(§)|ABCﬁ

Yo,w,y1,5
S is good

= Z HR,IQ'yOuw7y17®(S/U{(XR777y0||7||y17’w1aw)})>
Yo,W,y1
X7?,77w17§
we{0,1}*\Im(S7)

X <y0awa Y1, ®(§U {(XRa ?a y0|‘7||y13 wlaw)})|ABCﬁ

1 1,2 —
- yzw:y o (2/\_a+1)|X§,X’7,7’wl><yo7w7y1,@(S’U{(XR7?7y0\|7|\y17w17w)})|ABcﬁ
X, 2,9 ,w1,5
we{0,1}*\Im(S7)

> g Y (X2 lascsT
X57.x, 7,7 w1 ! X&,X, 7, 7wy ABCST
X, 7,7 wi,5

Hence,

GoodTTR,12 __ [,2 [,2
ME® = Y NG 3 70 X 7 |
57X, 7w

O

Proof of Lemma 35. Fix some yo,w,y1,S where S is good and a = count(S) and b = len(S). We start by
looking at what

¥y 5) = T 2 yo)alw)slyr)c|6(9))sr,

Then we have the following:
¥y 5) =2 |y0) alw)ely1)c|B(S))st

1 _
= > 0By alw)slyi)clG (SR, 2))sr
\/2(171 : H?:l(Q/\ -1+ 1) ZG{O,I}“”

Re({0,137))
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Notice that the above is zero if there’s no line in G (?, R, Z) of the form (RR, z, (Yo, 1), w1, w, 7, z) for
some @, wq, 7,z That is that § = 5" U {(RR, z, (Y0, Y1), w1, w)}.Then the above looks like:
1
|wyo»w7y17§> :\/Qan L TIP (2>\ i+ 1) Z HR7123‘yO>A|w>B|y1>C
i=1 —1 Zle{o)l}(a—l)n
R'e({0,13M)u{w})" 2
ze{0,1}"
Te((OMNR),
x |G (S, R,Z") U{(RR, Z, (o, y1), wi, w, 7, 2)}sr

1
= : > o) alw)e yi)a
22"(2>\ —a+ 1)\/2(1,71 ' H?:l(QA —1+ 1) Z'E{O,l}(a_l)"

R'e({0,13)"?
ze{0,1}™
Te({0,1NR')? |
yoe{0,1}"
w'€({0,13*\Im(57))
y1€{0,1}"
x |G (S, R, Z") U{(RR, @, (yb, ), w1, w', 7, 2) })sr
1 / !/ /
= w
22”(2)\ —a+ 1)\/2an . Hl_):1(2A — T 1) ) Z . |yO>A‘ >B‘y1>c
g y06{071}
w’G({O,l}k\Im(y))
y1€{0,1}"
Ze{0,1}°"
Re({0,13*)"
|G (S"U{(RR, @, (4, 1) w1, ')} R, Z) )57
1 1 roo <7 ’o ,
= S(STU{(RR, @, (45, v1), w1, w')})) apcsT
n. /(or _ n Jlon Z 190, w's 41, » 5 (Yo, Y1), W, ABCST
2@ —ar) 2VP—atl) e
w'€({0,1}*\Im(57))
y1€{0,1}"
Ix[sé,S)?le)
Finally, to understand IT12311%°°¢ we expanding the projector I16°°:
RABC0d =[R2 Ny, g1, 6(5)Nyo, w, 91, 8(5) | ascst
@,w,yl,g
S is good
= Z HR7123‘y07w7y176(§)><y07w7y1,®(§)|ABcﬁ
@,’w,yl,g
S is good
= > IR y,w,yn, 6(F U{RR, T, (yo, 41), w1, w)})
Y0, W, Y1
L wi,87

we{0,13*\Im(S7)
X (Yo, W, Y1, 95(§ U{(RR, ?7 (Y0, Y1), w1, w)MABCﬁ

! (3 _
- NS ) 0,103, O(F U {(RR, 7. (3. 0) w1, ) gt
yo,zw;yi /(2 —a+1) 5T
swi, S’

we{0,13*\Im(S7)
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= Z \XS,7w1><XS/7w1|ABcﬁ
?,wl,S’

Hence,

GoodTR,123 _ L3
I II - %: |XS/ = w1 ><X§’?,w1‘
ST wy

E Proofs from Section 5.6

Proof of Lemma 36. Notice that from Lemma 17, Weled-fwdhl — VL(3)’midVL(z)’midVil)’midH[’l. Next, for
some fixed zg,z1 € {0,1}", w € {0,1}*, S a good state parameter with a = count(S) and b = len(S), let
) = VYYD g0 ) gl )| & (S)) sy then

|1/}> :Vé?)),midV£2),midVL(1),mid|$O>A‘w>8|z1>c‘®<§)>ﬁ_
1

\/2an 2>\ — i+ 1) zZe{o,1}em
RE({0,1}M) e
1 1

\/Qan [T —i+1) zeforyr V252X ) (2N —b—1)(2* —a)
RE({0,1}M) 10t

X > [yo)alwz)Bly1)c|G(S, R, Z) U{(RR, (x0,21), (o, y1), w, w2, (r1,72), 2) })5F
z,y0,y1€{0,1}™
(r1,72)€({0,1}° P\ R) ;.
w2€{0,1}*\Im(S)

1

yBhmidy (2 midy (0mid ) ) Jw)e|21)c|G(S, R, Z))st

Z 1
V2SI i+ 1) gugeouyern VEIE =)

RU{(r1,72)}€({0,1}M)4}2

X Z lyo)alwa)ely1)c|G(S U{(RR, (zo, 1), (Yo, y1), w,w2)}, RU{(r1,m2)}, Z U {z}))est

yo.y1€{0,1}"
w2€{0,1}\Im(S)

1 _
:7W Z lyo)alwa)s|y1)c|&(S U{(RR, (zo, 1), (y07y1)aw»w2)})>ﬁ
( - a) yo,y1€{0,1}"
w2€{0,1}*\Im(S)
_|XS' a:o,asl),w>

Also notice that I16°°|¢) = |¢), hence we can write |¢) as

‘(b): Z axo,w,xl,glajO)A'w)B‘x1>C|®(§)>ﬁ

To,W,T1

S

Next we try to calculate Weued-fd| @) notice that since I1"!|¢) = |¢), hence

ngued-fwd|¢> _ ngued—fwdnt,l |¢>
_ VéS),midV£2),midV£1),midHt71|¢>
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3),mid+ »(2),mid 1 ,(1),mid
— v may iy g

Now, substituting |¢) = Zzo,%u,ml awmwm)§|x0)A|w>B|x1>c|QS(§))sz, we get:

WERRlg) = 37y e sVE TV TV ) alw) )l 6 (5)) 57

Zo,Ww,T1
5
- Z awoaw $17S|XS (zo,21),w >
T0,W,T1
: : Good 3
Notice that since IT |X (z0.21) ) |XS (z0.20), ) hence we have

HGood ngued—fwd|¢> _ ngued—fwd|¢>.

Proof of Lemma 87. Notice that from Lemma 18,

ued-fw 3),mid- ,(2),mid 2),mid+ ,(2),mid, 1),mid ¢ ,(1),mid, 1),mid,
etz _ y O mdy@md (1 y@mdy@mdt _yHmdy Lty yOmty — o2/2Y).

R,1 .
Next, notice that since the subspace spanned by II ABCST is a subspace of HABST ® Ic, and |p) \gcsT is in the

subspace spanned by I15°°I1%2 we know by Lemma 33, |¢) is spanned by |y 3 X 2 7, )aBSTI ). Then
w1y
let |¢) is:

|9) ABCST = Z ax77|XSX77w1>ABﬁ|$/>C

X7y Sw
S,wi,x
Let 3),midy ,(2),mid (2),midy ~(2),mid, T (1),mid
|¢1> _ V[E ,mi VL ,mi (I— VR ,mi V](g ,mid, )VR ,mi ,1'|(b>ABCﬁ
and

3),mid  ,(2),mid 1),mid ~(1),mid, 1),mid,
63) = VI mayRhme (y{Dmidy mis ) yhmstig) oo
Then from Lemma 18, we know:

||(I . HGood)

) = (I =1 (|¢1) — |¢2))]|2 = O(t*/2%).
Hence, by triangle inequality, we have

(7 — mSeeywetedtd|g) ||, <O(2/2%) + [|(1 = 1) (1) — [62))]|2
O(t?/2) + (I = 11 g1 |2 + [|( — T1%°)| o) 2

Computing (I —I1%°°%)|¢1):  First we simplify |¢1) as
|¢1> mldV(2) mid (I V(2),m.dv}(z ), mid,T) V(l),mid,’(|¢>
:VL(S),midV£2),midV(1),m|d TV(I),mld (I V(z) mldV(2),m|d T) ),mid, T|¢>

:VL(S),midV[(/2),midV]g1),m|d,TH[,2 1)
:Vé?))’midV[€2)’midV1§1)’mid’T |¢>
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Next subtituting |¢), we get:
;midy ~(2),mid (1),mid,
[61) =V VMV )
3),mid 2),mid 1),mid, R
=V DTN T a2 3 IXG y 2 2assTIE )

X, 7,7 Swiw
g,wl,wl
. (3),midy ,(2),midy ~(1),mid, T 1,1 /
= 3 ax VIV (W DaesTl)e)
x 7.7 Swia
g,wl,m’

_ t,2 _
= 2 ax @ IING 2 7 nBCST
X, Z,Y S wi,x’

S,wy,x’

The last line is true because
(3),midy (2),mid ,(1),mid, [1 / 2
VTV (I 5 5 et ) = D 2 T

Finally, since (I — HGOOd)‘Xg?X,?||I/,7,w1> = 0, hence, we have:

I(7 = 11%°%) 1) | = 0.

Computing (I — I1°°°)|¢y): Recall how |¢2) was defined:
3),mid 2),mid 1),mid 1),mid, 1),mid,
63) = VI mayRhme (yDmidy D mis ) yhmdtyg) oo
For some fixed S, 2|z, i/, X € {£,R}, w and 2/, with a = count(S) and b = len(S), we compute

1),mid, 1),mid, ,
) VOO e
. . 1 _
1),mid, ,mid,
= L( b Tvlgl) midt E : |y’ w, 6(5 U {(XR, 77 7“?}, wl’w)}>ABﬁ|xl>C

V27 (2* —a) yefon

we{0,1}*\ (Im(S))

(D) mid,fy (1), mid. 1 1
e R
V27(28 —a) \/20m(22) ... (22 — b+ 1) ye%}n
we {0,131\ (Im(S))
RU{7||r}e({0,13M) ]
zU{z}e{0,1}*"

X |y7 wvxl7G(§7 R7 Z) u p(XRa ?H.T7 7||y7wlvw7 ?Hrv Z)>ABC§

. 1
:Vél),mld,T Z
2an(QA) (22 —b+1
\/ ( ) ( + ) RU{7||7}€({0,1}M) 4.t
ZU{Z}G{Oal}an
< |z,ra!,G(S, R, Z) Up(XR, T2, 10,1, 0,7, 2)\ {(v1, 2|1 0/10) D) agcsr
=0
Where the last line is true because Im(L;)*™ < RU {7}, and r € RU {7} Hence, we have |¢3) = 0.

Hence,
I(Z = T1%°°) ) || 2 = 0.

Combining, we get

H(I o HGood)Wqued—fwd‘¢>H2 _ O(t2/2)\)
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Proof of Lemma 38. Notice that from Lemma 19,

ued-fw ,mid ,mid ,mid, ,mid ,mid, ,mid, ,mid,
”ng d-fi dpt3 _ VISB) mi (I - VéB) mi V}%3) mid, T VL(2) mi V£2) mi T) ngz) mi TV}(%l) m T| op = O(t2/2)\)

Next, we know by Lemma 34 and Lemma 35, |¢) is spanned by |XL§2X 27 ) ABcSTS Where Ien(?) > 2. We
A, T, Y W

replace 2 with 7'||2’ to separately look at its last element. Then let |¢) is:

[,2
|¢>A3cﬁ: Z O‘X,E’Hx/|X§’X’7HI/’77UJ1>ABcﬁ

X2l T.Sw
,Shw
Let
161) = VL(3),mid (I . VI(23),midVI(z3),mid,T> V]%Z),mid,'tv](zl),mid,f|¢>ABCﬁ
and

3),mid 2),mid+ +(2),mid, 2),mid, 1 ~(1),mid,
62 = VO (VB iy Rmat) @ mty et oo
Then from Lemma 19, we know:

(I — THSecd)WweledReTt 3 g) — (1 — 119 (1) — |2))ll2 = O(£2/2%).

Hence, by triangle inequality, we have
(1 — Treecywebedtdigyly <O(t2/2%) + [|(1 — T1%°) (|1) — [¢2))l|2
<O(#2/2%) + ||(1 =TT« [@1) |2 + [|(T — T1%°°)| o) 1o
Computing (I —I1°°°)|¢1):  First we simplify |¢;) as:
3),mid 3),mid 3),mid, 2),mid, 1),mid,
ba) 2V (1 - yDmy Ot y @ity miatyy
:VL(?,),midvl(f),mid,fvlg),mid,fV}(;),midvl(f),mid (I _ V]é3),midvlg3),midj) V}(f),mid,fvlél),mid,]‘
:VL(?;),midV](f),mid,TV}(zl),mid,TH[,:; &)
:VL(3),midV](;),mid,fvlél),mid,]t &)

¢>ABC57T

NeX Sub(iluting |¢>, we ge(:
3),mid 2),mid, 1),mid,

L A(3),mid A(2),mid, 1 (1),mid, (2
=V Vg Vi D X T XSy 7o 7 JABCST
X’E’Ilm’ v,5,w,

,S,w

o (3),midy ~(2),mid, Ty ~(1),mid,t|_ 1,2 o
= E ax, @' Vo Vr Vi |X§7x,7”w/77,wl>ABCST
X, 7|z’ .Sw

,Sywi
_ t,1 P
= 3 ax G g et

X, 2|l V.Sw

.Sy

Where the last line is true because

(3),mid -y ~(2),mid, {1 -(1),mid, T 1,2 ol /
Vi VR Vg |X§,X’7Hz/,77w1>ABCﬁ = |X§’X77’7_’wl>ABﬁ|‘T )c

Finally, since (I — HG°°d)\X§1X 77 ) = 0, hence, we have:
A T, YW

I(7 = 11%°%) 1) | = 0.
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Computing (I — I1°°°)|¢y): Recall how |¢o) was defined:
3),mid (1 (2),midy -(2),mid, 2),mid, 1 -(1),mid,
) = VI (V) ety ety
For some fixed S, 7|2/, ¥, X € {£,R} and w, with a = count(S) and b = len(S), we compute

3),mid 2),mid+ »(2),mid, 2),mid, 1 (1), mid,f_ [,2
) VO (v mey @) yE iy Omat sy

%
Notice that the above is zero if the last value in 7/ is not 2/. Now we analyse this for 7 = 3/||2’. In this
case, we get

3),mid 2),midy ~(2),mid, 2),mid, 1),mid, s
) =V (v ) et
5.X @ ||2’,y' |2/ wn
1 t,2
:\/27"|X§X = 7 w1>ABCﬁ

Where the above equality can be checked by simple calculation. Since |¢2) is spanned my states of the above
form, hence we have that (I — I1°°°)|¢5). Hence,

I(Z = 11°%)[d2) |2 = 0.
Combining, we get

H(I _ HGOOd)WgIHEd_de‘¢>H2 _ O(t2/2)\)

Proof of Lemma 39. Notice that from Lemma 20,

||W€Iued-fwdH[,4 _ (I _ V£3)7midvé3):midaT> V}g3)7mid7TVé2)7mid’Tngl)’mid’T||0p _ O(t2/2)\)

Next, notice that since the subspace spanned by II¢°°¢II"* we know by Lemma 35, |¢) is spanned by
1,3 .o
|X§,(zg,zl),w1>ABCﬁS' Then let |¢) is:
1,3
|¢>ABCﬁ = Z ag,(zg,zl),w’l |X§7(w0711),w1>ABCﬁ

S, (wo,x1),w1

Then notice

(3),mid, Ty -(2),mid, Ty ~(1),mid, T _ g<)
Vi Vi Ve |9) AT = Z QT (z0,21) W), |z0, w1, 21, &(9)) ppcsT

S,(z0,w1),w1

Hence,

3),mid, 2),mid, 1),mid, -
(- HGOOd)Vz(:z ) Tvzgc ) TV}% ) T|¢>Ascﬁ = Z QT (z0,21) w0, |20, w1, 21, &(S5)) agcsT = 0

S,(zo,x1),w1

Next, for some fixed S, (g, 1), w1, we compute:

3),mid »(3),mid, X<
W) :VL( ) VL( ) f|330,w1,$1,@(S»Aecﬁ

o1



_ .
Notice that the above is zero if S does not have an element of the form (XL, a’, y'||xg, w},w;) for some
= , - 5 = : -
X, ',y ,w]. Now, we will analyse S = S"U{(X L, ', y'||zo, w},w1)}, with a = count(S"U{(X L, 2, ¢/ ||x0, w],w1)}).

= a1 /
'IOawlvxh@(S/U{(X‘C?x Y |‘x07w17w1)})>ABCﬁ
1 qr —/> —/> I
“on(or _ -\ Z |z, w, 21, 8(S"U{(XL, 2",y ||m’w1aw>})>ABCﬁ

27 (2 — a)
z€{0,1}"
we{0,1}M\Im(5")

3),midy (3),mid,
) =V

Hence, we have

(I — %% (I B VL(3),midVL(3),mid,T) V}g?)),mid,’fV}é?),mid,TVél),mid,T S apcsr = 0

Combining with Lemma 20,

H(I o HGood)Wqued—fwd‘¢>H2 — O(t2/2)\)

O
Proof of Lemma 40. We know |¢) = I1°°°|¢). Then for all i € [4], we have:
H[,i|¢> :H[,iHGOOd|¢>
:HGOOdH[vi|¢>
Hence, we have I1%?|¢) = TI6°°9I1"%?|¢).
Then calculating
v :HHGood ngued—fwd|¢> _ ngued—fwd ‘¢> H2
4 4
:HHGood ngued—fwd(z H[,i) |¢> _ ngued—fwd(z Hl,i) |¢> ||2
i=1 i=1
4
_ Z (HGood ngued-fwdH[,i|¢> o ngued-fwd|¢>)
i=1 2
4
< Z HHGoodelued—fwdH[,i ¢> _ ngued—fwd|¢> HQ
i=1
=0(t?/2")
where the last line if because of Lemmas 36 to 39. O

F Proofs from Section 6.4

To prove the below results, we notice the following technical lemma:

Lemma 64. For any integert > 0,

= 0(t*/2*)

op

"WE(A))TOCOmpHGOOdH[JHSt

HW}‘;(A)’TocompHGoodHIQHSt _ O(t2/2>\)

op
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Proof of Lemma 51. We recall that we want to estimate:

y= H (OcompHGoodelued—fwd _ Wm()\)ocomp) HGoodH[,IHSt

op
< || (OuomprSetwstiesns Mo, ) mE L

op
4 HWg(’\)7T(’)compHG°°dH[’1H§t

op
+ HWF()\) Wg(k) W}‘;(A%TocompHGoodH[,lHSt

op

< H (OcompngoodVL(B),midVL@),midVLu),mid (I _ V}gl),midvl(zl),mid,f> _ Wzl()\)ocomp> HG°°dH[’1H9

+0(t%/2%)

< H (OcompHGoodVL(s),midVL(z),midVLu),mid _ WF(,\)mep) HG°°dH[71H§t

+ O(t?/2)

Where the second line is by triangle inequality, and the third line is by Lemma 17 and Lemma 64, and the
fourth line is true because I1%! = (I — Vél)’m'dVIgl)’m'd’T> and TT41II600d = T1Ge0d[ThE | Next, we compute

H (OcompHGoodV£3)7midVL(2),midVL(1),mid _ WF(A)Ocomp> HG°°dH[*1H§t

op

We know that the subspace represented by I16°°? is spanned by |zo,w:,z1,8(S)) for zo,21 € {0,1}",
wy € {0,1}* and S is some good state parameter. Let a = count(S) and b = len(S).

Computing OcompHG”dVL(3)’midVL(2)’midVL(l)’mid|:L'0,wl, 71,8(S)):  We start by computing:

‘¢1> :OcompHGOOdV[(/?))}midVL(z))midV]Eleid "r07 Wi, 21, ®(§)>

1 _
:OcompHGOOdm Z |y07w7y17®(su {(‘Cﬂv(x()uml)a(y07y1)7w17w)})>

y1,50€{0,1}"
we({0,1}M\Im(S))

1 _
- = Z |y077«U,y1a3(5U{(££, (mOaxl)a(y07yl)awl7w)})>
2"v2 ~a y1,90€{0,1}"

we({0,1}M\Im(S))

Computing WF(A)Ocompmm wy, 71, 8(S))  We start by computing:

|¢2> :Wzn()\)ocomp|x07 Wiy, X1, ®(§)>
:WF(A)|‘TO,W1,$1,S(§)>

) _
_m) |z, wi, 1, F(S,U,V))
V2l=an (22 —q)... (22 —b+1)) ue{ogbm

Ve({0,1}\Im(8))5¢

1 > >
V20=am (22 —a).. (2* = b+ 1)) Leioy-om Jreto.1}”
Ve({0,13M Im(35))2 = we({0,1}\(Im(S)uV))

dist

. (5.4, V) U ({(ollwr |1, ol el lsn) . ))

X = , W, 7]F
2nm|y0 U1
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1
on \/Q(b—a)n ((2/\ —a)... (2A -b)) yl,yer{O,l}"
we({0,1}M\(Im(S)))
ue{0,1}=
Ve({0, M\ Im(S)U{wh s

X |y0a w, y17]F(§ U {(‘C£7 (x07 .’L'l), (y07 91)7 wi, U))},u, V)>
1 _
o —a Z ) 1Yo, w, y1,§(S UL{(LL, (20, 1), (Yo, Y1), w1, w)}))
y1,90€{0,1}"
we({0,13M\Im(S))
Hence, we have |¢1) = |¢2). Since the subspace represented by I1¢°°¢ is spanned by |zq, w1, 21, ®(S)), hence

H (OcompncoodVég),midVL(z),midVLu),mid _ WF(/\)Ocomp) HGoodH[,IHSt -0

op
Finally, we get

H (OcompHGoodelued—fwd _ Wm()\)ocomp) HGoodH[,IHSt _ O(t2/2/\)

op

Proof of Lemma 52. We recall that we want to estimate:

y= H (OcompHGoodelued—fwd _ Wm(’\)(’)comp) TIGeod [TH21] .,

op

< H (O [1Good y glued-fwd W;(/\)O ) TIGeod [TL2]T .,
I comp comp <

op

+ WI‘;(}\) vTocompHGoodH[Q Hgt

op

+ Wzl()\) Wg(k) WE(A)VTOcompHGOOdH[QHSt

op

< H (OcompHGoode(g),midVL(z),mid (I _ VéE),midVI(%Q),mid,T _ VL(1),midVL(1),mid,T) V](%l),mid,T _ Wzl(/\)@comp) HG°°dH[’2H§t

+O(t?/2Y)

< H (OcompHGoodVL(g),midVL(z),mid (I _ VI(;),midV](%Q),mid,’f _ VL(1),midVL(1),mid,T) VI(;),mid,T _ Wzl(/\)@comp) HG°°dH[’2H§t

+ O(t?/2Y)

Where the second line is by triangle inequality, and the third line is by Lemma 64, and the fourth line is true
by triangle inequality, and the fifth line is true by Lemma 18. Also notice that in the proof of Lemma 37
we proved that

HVL(:%),midVL@),mid (VL(1),midVL(1),mid7f) V}gél),mid,THGoodHLQ

:O7

op
Hence, we have

= H (OcompHGOOdVL(g)jmidVI(?)mid (I B Vl(;)’midvl(f),midﬁ) V};Uvmidﬁ - WS(A)OcomP> HGOOdH[’QHSt

+ O(t?/2Y)
op
_ H (OcompHGoodVL(?,),midVL(z),midVlg),mid,TVI(;),mid (I B V}(;),midvlg),midﬁ) V}(%l),midf( _ WF(A)Ocomp> HG°°dH[’2H§t

+O(t?/2Y)
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+ OcompHGood (ngued-fwd _ VL(3),midVL(2),mid (I B V}(%2),midvlé2),mid,f B VL(1),midVL(1),mid,f) V}(zl),mid,T) HG°°dH[’2H§t

op

op

op



_ H (OcompHGOOdVlsg)7midV£2)7midvl(21)7mid’TH[’2 o W?(A)Ocomp> HGOOdH[’2H§t

+ O(t?/2Y)

o

_ H (OcompHGoodVL(3)amidvl(l2)7midvl_(31)vmidﬁ _ W;(A)Ocomp) HGOOdH[’QHSt

+ O(t?/2)

o

Where the above is true because 112 = V1™ (I — Vlg2)’midV1§2)’mid7T) VAT and T142[1Geed — Good]]h2,

Next, we compute

H (OcompHGoodVL(?,),midVL(z),midVg),mid,T _ WF()\)Ocomp> HGoodH[,QHSt

op

We know by Lemma 33 that the subspace represented by I19°°9II"%2 is spanned by |XLS’1X 7w )agsT|Z ) CS.
34Xy ) »y W1

Computing OcompHG“’dVL(?’)’midVL(2)7midV1§1)’mid’T|X[§’71X’?77,w1>ABSfT|3:’>c: We start by computing:
G 3),mid ~(2),midy ,(1),mid, (1
61) =Ocomp IV Moy BHmeymt (bl dasstla')c)

_ Good |, t,2 o
—OcompH |X§’X’7‘|I/,7’MI>ABCST

_ t,2 .
—Ocomp‘XngHI,j,wl >ABCST

1 _
:Ocompm Z |y07way176(su{(XR,?HxlvyO”?Hylvwlvw)}»ABCﬁ

vo.y1€{0,1}"
we ({0,131 9))

1 _
:m Z |y07way173(su{(XR7?”x/vyOH?Hylvwlaw)}»ABCﬁ

yo,y1€{0,1}"
we({0,1}2\m(®))

Computing Wzl(/\)ocomp|x[§7lx,777,wl>ABﬁ|x/>C We start by computing:

A 1
|p2) :WF( )Ocomp|X§,X’7,7’w1>AB§“T’>C

WV 3 lu,v, 2", B(SU{(XR, @, ¥ |Ju, w1, v)})) apcsT
we{0,1}"
vE({0,1}M\Im(S))
_ F(,\) Z lu,v, 2, FSU{(XR, 7, 7\|u,w17v)}>>ABcﬁ

ue{0,1}"
ve({0,1}*\Im(S))

1 _
= XR, @ |2 yol[F 1191, w1, w)}) st
. N Z |y0away17g(5 U {( ) » Yo Y1, W1, ABCST
22 a Yo,y1€{0,1}™

we({o,l})\\lm(g))

Hence, we have |¢1) = |$2). Since the subspace represented by I1¢°°II"2 is spanned by |X[§L1X — )agstlT ) C)
1y ) > W1

hence

H (OcompHGoodVL(s),midVL(Q),midvlg),mid,f _ WF()\)Ocomp) HGoodH[,2H§t —0.

op
Finally, we get

H (OcompHGoodelued—fwd _ Wm(’\)(')comp) HGoodH[,QHSt _ O(t2/2A)

op
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Proof of Lemma 53. We recall that we want to estimate:

v = ‘(OcompHGoodelued—fwd _ Wm()\)ocomp) HGOOdH[’SHSt

op

< ‘(OcompHGoodwglued—fwd - WF(A)WF(/\),T)WE(A),TOCMP) HGoodH[,3HSt

op

+ HW;(A) (I _ WE‘(A)W}‘;O\)’T)OcompHGoodH[,SHSt

op

< (OcompHGOOdVL(B)’mid (I _ V};S),midVéS),mid,T _ V£2),midV£2),mid,T) V[g),mid,fvlgl),mid,]‘

_ (I _ W‘L“(A)Wz’l()\)vT)Wg(A)yTocomp)HGoodH[,SHSt

op

+ OcompHGOOd (VL(S),mid (I _ VéS),midV}gB),mid,T _ VL(z),midVL(Q),mid,T) Vlgz),mid,fvl(;),mid,f

o ngued—fwdH[,?;) HGoodH[,3H§t

op

+ HWz‘(A) (I _ Wg‘(k)Wl‘:‘;(k)vT)OcompHGoodH[,SHSt

op

= (O“mPHGOOdVL(B)’mid (I - Vég)’midVég)’mid’T) iy (1), mid

_WE(A)7TOCOmp)HGOOdHLgHSt

op

7

+ (OcompHGoodVL(g)’mid (VL(Q),midVL(z),mid,T) V};Q),mid,]‘vlgl),mid,f

+0(t2/2%)

op

7(WLm()\)WF(A)J)W;;()\)’TOcomp) HGoodH[,3H§t

72
4 HWz‘O\) (I _ Wg()\)Wg(/\)7T)OcompHGOOdH[’?’Hgt

op

3

Where the second and third line is by triangle inequality, and the last line is by Lemma 19. Next, we compute

1, 72 and ~3. Before computing this, we know by Lemmas 34 and 35 that the subspace represented by
. 1,2

160041142 is spanned by |X§,X,?,7,wl>ABCﬁS where len(Z) > 2.

Computing v;: We start by looking at some fixed S, X, ?Hx', Y, wy with a = countS and b = len(S) U
len(Z'). Then we will show

Goody/(3),mid (3),midy ~(3),mid, (2),mid, ty -(1),mid, (A1 [
(OeompTCedV ™ (1 — ymidyBhmiat) y2midiiy g = WRO T Ocamp )

2 > _ 0
S,X,@ |2, Y ,wy  ABCST

We start by computing the first term (call it |¢1)):

Good 1y (3),mid 3),midy ~(3),mid, } 2),mid, Ty (1),mid,T,_ 1,2
‘¢1> :OcompH Vé b (I - Vlg b VI; b ) VISZ b VIE% b |X§yx77“xr,77wl>ABC57T
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Goody/(3),midy ~(2),mid,ty -(1),mid,{ 71,3 1,2
=Ocomp 1%V MV M DM 32 o ABCST

_ Goody/(3),midy ~(2),mid,Ty,(1),mid, T [,2
=Ocompl 177V, Vi Ve |X§,X,?Hrh?,w1>ABCﬁ

Good ,1
~OuamglIIE 5 st e

1 _
:Ocompi |y,w,:1:’,®(SU{(XE,?,?,whw)}»ABCS*T
2n(2* —a) yeg:l}"
we({0,13M\Im(S))

1 _
T e a) Y pw FEU{XL T, T w,w)))) ascst
( - a) ye{O,l}" _
we({0,1}*\Im(S))

Next, we compute the second term (call it |¢p2)):

_pm).t 1,2
|p2) =Wg Ocomp‘Xg,Xij/j’wl>ABCﬁ

1 _

Wi Oomp———eo—= Y Jyo.w,y1, S(SU{(XR, T |2, T w1, w)})
ny/ON _
22 @ yo,y1€{0,1}"
we ({0,1}A\Im(S))

OOt 1 3 | 5 2!
— VYR on-/on Z/OﬂUayl,S(SU{(XRa Hx777w1;w)})>

V2P —a Y0,y1€{0,1}"

we({0,1}A\Im(S))

1 _
/2@ —a) Y lpw e FEU{XL T, T w,w)})) ascsT
( - a) yE{O,l}" _
we({0,13M\Im(S))

Hence |¢1) = |¢2). Hence, we get 41 = 0.
Similarly, we can show that vy, = O(t2/2%).

Computing v3: Similar to the proof of Lemma 54, we can prove that v3 = 0. Hence combining, we get

H (OcompHGoodelued—fwd _ Wm(A)Ocomp) HGoodH[,SHSt _ O(t2/2’\).
op
Proof of Lemma 54. We recall that we want to estimate:
y = ‘(OcompHGoodelued—fwd _ Wm(’\)(’)comp) HGoodH[AHSt
op
< ‘(OcompHGoodwglued—fwd _ (I _ WF(/\) Wg(A)’T)Wg(A)’TOcomp) HGoodH[AHSt o
+ HWF()\) ([ _ W]‘;()‘)Wg()\)’f)OcompHGoodH[AHSt .
P
< (OcompHGOOd (I _ VL(s),midVL(s),mid,f) V}(%S),mid,’rV]g),mid,fvlgl),midj
_ (I _ WF(A)W;(A)vT)Wg(A)»Tocomp)HGoodH[AHSt
op
+ HocompHGOOd ((I _ V[(/3),midvl(/3)amidﬁ) Vlgi)»mid’TVlgz)’midﬁv](%l)amidﬁ _ ngued—fwdH[,4) HGoodH[,4H§t
op
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4 HWF(/\) (I _ WI‘;O\) W]‘;(A)aT)OcompHGoodH[AHSt

op

Goody/(3),mid, Ty ~(2),mid, Ty -(1),mid, (M), T Good T,
< (OcompH o0 VR VR VR - Wg Ocomp)H 00 H[4H§t
op
71
Good (3),midy ~(3),mid, T (3),mid, Ty ~(2),mid, Ty ~(1),mid,}
|| (Oeompltece (Vi miey rmiat) yomisty @misty L
*(er‘n()\)Wzl(/\)j)wg()\)ﬁocomp) HGOOdH[’4H§t +O(t2/2)\)
op

2

T HWF(/\)([ -~ Wg(/\)Wg()‘)’T)OcompHGOOdH[AHgt

op

3

Where the second and third line is by triangle inequality, and the last line is by Lemma 20. Next, we compute
71, 72 and 73. Before computing this, we know by Lemma 35 that the subspace represented by 1641144 is

1,3
spanned by |X§,(zo,zl),w1>ABCﬁs‘

Computing v;:  We start by looking at some fixed S, (g, x1),w; with a = countS and b = len(S). Then
we will show

3),mid, 2),mid, 1),mid, A), 1,3
(OcompHGoodV}(%) Fy@mid y (Domid gy ”Ocomp)le oy )acsT =0

S, (xo,x1),w

We start by computing the first term (call it |¢1)):

_ Goody/(3),mid,ty,(2),mid,ty-(1),mid, T, 1,3
‘¢1> *OcomPH o VR VR VR |X§,(m0,m1),w1 >ABC§
1 _
=Oeompl1¢0°d — ——— cw,y1, 8(SU{(LL, (z0, 1), (Yo, y1), w1, w
o v —a 2{2} [y w1, (S U {(LL. (w0, 21). (40, 31). w1, w)})

we({0,1}A\Im(S))
:OcompHGOOd |x07 Wi, X1, 6(§)>
=|xo, w1, x1,F(S))

Next, we compute the second term (call it |¢2)):

A), T [,3
162) =Wi ™ Ocom X 1, 2.1y, ABCST
1 _
WM O e — > Yo, w, 31, B(S U {(LL, (0, 21), (o, 1), w1, w)}))
n,/oON _
22 a yo,y1€{0,1}"
we({0,1}A\Im(S))
1 _
_Wm(/\),T Z |y0’w7y1’S(SU{(££, (l‘o,xl),(yoayl)awlaw)}»

TR on/ox 4

2 \/ﬁ yo,y1€{0,1}"

we({0,1}A\Im(S))
=[x, w1, 1, F(S))

Hence |¢1) = |¢2). Hence, we get 1 = 0.

Similarly, we can show that y5 = O(t2/2%).
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Computing y3: Again, we start by looking at some fixed S, (29, 71), w; with a = countS and b = len(S).
Then we will show
(I _ WE(A)WE(A)’T)OcomMX[’g >A3cﬁ -0

S, (wo,®1),w1

Then we have

A A), T 1,3
(I—Wg( )Wg( ) )Ocomp|X§7(IO’zl),wl>ABCﬁ

(T — ) prmA) T 1 5
—(I WR WR )Ocomp2n ;72)\ — . Z . |y0,w,y17®(SU{(££, (anxl)a(yﬂvyl)awlvw)}»
yo,y1€{0,1}"
we({0,1}M\Im(S))
1 _
A A),
:(I—Wg( )Wg( )T)m Z ‘yOawzth(SU{(E£;($O;x1)7(y07y1);w17w)})>

yo,y1€{0,1}"
we ({0,1}A\Im(S))

1 _
= w1, S(SULLL, (20, 21), (Yo, 1), w1,
VA —a yg{:o 1} [0, w0, 1, (S UHLLL, (z0, 1), (0, 1), w1, w) )

wé€({0,1}A\Im(S))

m m(A), 1 _
SWROWEI e Y o wyn S UL(LL, (w0, m), (o, ), wrw))

yo,y1€{0,1}"
we({0,1}A\Im(S))

1 _
= Z yo, w, y1, §(S UL(LL, (z0, 21), (Yo, y1), w1, w)}))
2"V2h —a yo,y1€{0,1}"

we({0,1}A\Im(S))

1 _
- ni on Z ‘ymw?yl»g(SU{(ﬁﬁ, (x()vxl)a(y()7y1)7w17w)})>
22 a yo,y1€{0,1}"

we ({0,1}A\Im(S))
=0

Hence combining, we get

H (OcompHGoodelued—fwd _ Wm()\)ocomp) HGoodH[AHSt _ O(t2/2>\).

op
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